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ABSTRACT
A f i n i t e  e le m e n t  model f o r  t h e  s tu d y  o f  s o l i d - f l u i d  i n t e r a c t i o n ,  
w i th  a p p l i c a t i o n s  i n  f lo w - in d u c e d  v i b r a t i o n  a n a l y s i s  o f  r e a c t o r  v e s s e l  
and h e a t  e x c h a n g e r  i n t e r n a l s ,  i s  p r e s e n t e d .  The m odel i s  b a s e d  on th e  
d i s c r e t i z a t i o n  o f  t h e  s o l i d  e q u a t i o n  o f  m otion  and t h e  f l u i d  c o n t i n u i t y  
and momentum e q u a t i o n s  and em ploys t h e  s o l i d  d i s p l a c e m e n t s  t o g e t h e r  w i t h  
t h e  f l u i d  p r e s s u r e  and v e l o c i t y  com ponents  a s  t h e  n o d a l  d e g r e e s  o f  f r e e ­
dom. T h i s  p e r m i t s  a r e a l i s t i c  and a c c u r a t e  im p le m e n ta t io n  o f  boundary  
c o n d i t i o n s ,  i n  c o n t r a s t  w i th  m ethods  u s in g  s o l i d  d i s p l a c e m e n t s  and f l u i d  
p r e s s u r e  a s  t h e  o n ly  f i e l d  v a r i a b l e s .  The n u m e r i c a l  s o l u t i o n  o f  th e  
r e s u l t i n g  m a t r ix  e q u a t i o n ,  i n v o l v i n g  n o n - s y m e t r i c  m a t r i c e s ,  i s  a c h ie v e d  
by a  c o m b in a t io n  o f  m a t r ix  d e c o m p o s i t i o n ,  i t e r a t i v e  scheme and a n a l y t i c  
i n t e g r a t i o n  w h ich  a l lo w s  t h e  a p p l i c a t i o n  o f  th e  e l e m e n t a l  m a t r i c e s ,  
r a t h e r  t h a n  t h e  sy s te m  g l o b a l  m a t r i c e s ,  a t  c o n s i d e r a b l e  economy i n  com­
p u t e r  s t o r a g e  and ru n n in g  t im e .  P l a n e  t r i a n g u l a r  f i n i t e  e le m e n ts  f o r  
f l u i d ,  s o l i d  and s o l i d - f l u i d  c o n t i n u a  and e q u i v a l e n t  m ass ,  damping and 
s t i f f n e s s  m a t r i c e s  and i n t e r a c t i o n  lo a d  a r r a y  have  b e e n  d e v e lo p e d  f o r  t h e  
s tu d y  o f  wave p r o p a g a t io n  phenomena i n  a  tw o - d im e n s io n a l  f lo w  f i e l d .
T h is  i s  v e r i f i e d  by s o l v i n g  a  wave p r o p a g a t io n  f lo w  p ro b le m  c o n s i s t i n g  o f  
w a t e r ,  b e tw e en  two e l a s t i c  p a r a l l e l  p l a t e s ,  i n i t i a l l y  a t  r e s t  and a c c e l ­
e r a t e d  s u d d e n ly  by a p p ly in g  a s t e p  p r e s s u r e  a t  one end . The r e s u l t s  
o b t a i n e d  a r e  i n  good a g re e m e n t  w i t h  a p r e v io u s  s tu d y  b a s e d  on t h e  f i n i t e  
e le m e n t  d i s c r e t i z a t i o n  o f  t h e  tw o -d im e n s io n a l  wave e q u a t i o n .  F u t h e r -  
m ore, t h e  r e s u l t s  a r e  a l s o  com pared w i t h  th o s e  o b t a i n e d  f o r  f lo w  be tw een  
two r i g i d  p a r a l l e l  p l a t e s .  T hese  r e s u l t s  i n d i c a t e  t h e  d e v e lo p m en t  o f  
w a te r  hammer phenomenon and  p r e s s u r e  s u rg e  i n  t h e  t r a n s v e r s e  d i r e c t i o n ,  
f o r  t h e  e l a s t i c  w a l l  c a s e ,  w h ich  may have  im p o r ta n t  i m p l i c a t i o n s  i n  t h e  
d e s ig n  o f  f l u i d  s y s te m s .
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1INTRODUCTION
D uring  t h e  r e c e n t  y e a r s ,  d y n a m i c i s t s  have  b e e n  c o n f r o n t e d  w i th  com- 
l e x ,  new p ro b le m s  in v o lv i n g  t h e  m o t io n  o f  s t r u c t u r e s  s u b j e c t e d  t o  an 
e x t e r n a l  a n d / o r  i n t e r n a l  f lo w in g  f l u i d .  T hese  p ro b le m s  b e lo n g  to  t h e  
b r a n c h  o f  e n g i n e e r i n g  known a s  " f lo w - in d u c e d  v i b r a t i o n . "  F lo w -in d u ced  
v i b r a t i o n  p ro b le m s  have  become s i g n i f i c a n t  a s  s t r u c t u r e s  h a v e  become 
l i g h t e r  and m ore s l e n d e r  due to  t h e  u s e  o f  h i g h - s t r e n g t h  m a t e r i a l s ,  and 
a s  advanced  n u c l e a r  power r e a c t o r s  h a v e  b e e n  d e v e lo p e d  [ 1 , 2 , 1 3 , 1 4  ]^  
F lo w - in d u c e d  v i b r a t i o n  i s  f r e q u e n t l y  e n c o u n te r e d  i n  t h e  o p e r a t i o n  o f  many 
r e a c t o r  sy s te m s  and components V i b r a t o r y  s t r e s s e s  and  dynam ic i n s t a b i l ­
i t i e s  o f  n u c l e a r  f u e l  b u n d le  and h e a t - e x c h a n g e r  tu b e s  a r e  a  few exam ples 
o f  f lo w - in d u c e d  v i b r a t i o n  phenomena o f t e n  o b s e rv e d .
The m ost i m p o r t a n t  p o t e n t i a l  e x c i t a t i o n s  a r e :  v o r t e x  s h e d d in g ,  
f l u i d e l a s t i c  m echan ism s, t u r b u l e n t  e x c i t a t i o n  and a c o u s t i c  n o i s e s .  Depen­
d in g  on c o n d i t i o n s ,  any o f  s e v e r a l  e x c i t a t i o n  s o u r c e s  can  b e  t h e  dom inan t 
e x c i t a t i o n  m echanism . When f l u i d e l a s t i c  mechanism  i s  d o m in a n t ,  f l u i d  
f lo w in g  th ro u g h  t h e  sy s te m  i s  a  s o u r c e  o f  e n e rg y  t h a t  can  in d u c e  s t r u c ­
t u r a l  v i b r a t i o n  and i n s t a b i l i t y  c h a r a c t e r i z e d  by t r a n s v e r s a l  m o t io n s .  At 
s m a l l  f low  v e l o c i t i e s , th e  s t r u c t u r e  v i b r a t e s  a t  s m a l l  a m p l i tu d e  w hich  
i s  c a l l e d  s u b c r i t i c a l  v i b r a t i o n .  As t h e  f lo w  v e l o c i t y  i n c r e a s e s ,  a 
c e r t a i n  v a lu e  i s  r e a c h e d  a t  w h ich  t h e  s t r u c t u r e  l o s e s  s t a b i l i t y  by b u c k ­
l i n g ;  t h i s  b e h a v i o r  i s  c a l l e d  i n s t a b i l i t y .  The f o r c e s  c a u s in g  t h i s  
i n s t a b i l i t y  a r e  a f f e c t e d  by th e  d e f l e c t i o n  o f  t h e  s t r u c t u r e  from  i t s  
undeform ed  s t a t e .  The e s s e n t i a l  p a r a m e t e r s  a s s o c i a t e d  w i t h  f l u i d  
1
Number i n  b r a c k e t s  d e s i g n a t e  r e f e r e n c e s  g iv e n  a t  t h e  end o f  p a r t  two
2e l a s t i c  i n s t a b i l i t y  a r e  s y s te m  damping and f l u i d e l a s t i c  f o r c e s .  When 
f low  v e l o c i t y  i n c r e a s e s  t o  c e r t a i n  v a l u e ,  t h e  work done on t h e  s t r u c t u r e  
by f l u i d e l a s t i c  f o r c e s  e x c e e d s  th e  e n e rg y  d i s s i p a t e d  by  dam ping . As a 
r e s u l t ,  l a r g e  a m p l i tu d e  o s c i l l a t i o n s  o c c u r .  A s tu d y  o f  f l u i d e l a s t i c  
e x c i t a t i o n  r e q u i r e s  t h e  c o n s i d e r a t i o n  o f  b o th  s o l i d  and f l u i d  m o tio n s  
i n c l u d i n g  t h e i r  i n t e r a c t i v e  f o r c e s  and c o n s t r a i n t s  a nd , m a t h e m a t i c a l l y ,  
i t  p o s e s  a more d i f f i c u l t  p ro b le m  th a n  t h e  o t h e r  f lo w - in d u c e d  v i b r a t i o n  
s o u r c e s  s t a t e d  e a r l i e r ( i . e .  v o r t e x  s h e d d in g ,  t u r b u l e n t  e x c i t a t i o n  and 
a c o u s t i c  n o i s e s ) . The im p o r ta n c e  o f  f l u i d e l a s t i c  e x c i t a t i o n  i n  such  
sy s te m s  as n u c l e a r  r e a c t o r  f u e l  b u n d l e s ,  t h e r m a l  s h i e l d s ,  and c o r e  b a r ­
r e l s  h a s  c r e a t e d  a  n e e d  f o r  d e t a i l e d  i n v e s t i g a t i o n s  o f  t h e  i n t e r a c t i o n  
b e tw e e n  s t r u c t u r e s  and  f l u i d s .  E x p e r im e n ta l  and a n a l y t i c a l  s t u d i e s  have  
b e e n  p e r fo rm e d  t h a t  c o n f i r m  t h e  im p o r ta n c e  o f  t h e  i n t e r a c t i o n  be tw e en  
s t r u c t u r e s  and f l u i d s [  5 , 8 , 1 9 , 1 1  ] .
The s o l u t i o n  o f  i n t e r a c t i o n  p ro b le m s  b e tw e en  s t r u c t u r e s  and f l u i d s  
f o r  components i n v o l v i n g  r e a l i s t i c  g e o m e t r i e s  i s  e x t r e m e ly  c o m p l i c a t e d .  
T h i s  i s  due to  t h e  f a c t  t h a t  when a  s t r u c t u r a l  e le m e n t  v i b r a t e s ,  t h e  
f l u i d  s u r r o u n d in g  a n d / o r  c o n ta i n e d  w i t h i n  t h e  s t r u c t u r e  m ust b e  d i s p l a c e d  
t o  accom odate  t h e  m o t io n s .  R ig o r o u s ly  s p e a k i n g ,  m o tio n s  s h o u ld  b e  s t u d i e d  
by c o u p l in g  be tw e en  a  s t r u c t u r e  r e p r e s e n t e d  by m a t r i x  e q u a t i o n s  o f  m otion  
and a f low  f i e l d  s i m u l a t e d  by  c o n t i n u i t y  and N a v ie r - S to k e s  e q u a t i o n s  
i n c l u d i n g  th e  i n t e r a c t i v e  f o r c e s  and c o n s t r a i n t s ,  a s  shown s c h e m a t i c a l l y  
i n  F i g .  l a .  T h is  a p p ro a c h  h a s  n o t  y e t  b e e n  a t t e m p t e d .
A s i m p l i f i e d  a p p ro a c h  to  th e  s o l u t i o n  o f  i n t e r a c t i o n  b e tw e e n  s t r u c -
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4t u r e s  and f l u i d s  shown s c h e m a t i c a l l y  i n  F i g .  l c  h a s  been  d e v e lo p e d  i n  
R e f .  [ 1 1 ] .  I n  t h i s  a p p ro a c h  a g e n e r a l i z e d  s o l i d - f l u i d  i n t e r a c t i o n  package  
h a s  b e e n  p r e s e n t e d  w hich  d e v e lo p s  a f l u i d  f i n i t e  e le m en t  c o m p a t ib le  w i th  
e x i s t i n g  s t r u c t u r a l  e le m e n ts  and a t  t h e  same t im e  e s t a b l i s h e s  t h e  i n t e r ­
a c t i o n  be tw een  t h e  s o l i d  and f l u i d  e l e m e n t s .  T h is  s tu d y  h a s  em ployed  t h e  
s o l i d  d i s p l a c e m e n ts  and t h e  f l u i d  p r e s s u r e  as  t h e  o n ly  n o d a l  d e g r e e s  o f  
f re e d o m . The f i n i t e  e le m e n t  m odels  h a v e  b e e n  b a s e d  on t h e  d i s c r e t i z a t i o n  
o f  s o l i d  m a t r ix  e q u a t i o n s  o f  m o tion  and t h e  tw o -d im e n s io n a l  wave e q u a t i o n  
i n c l u d i n g  t h e  i n t e r a c t i v e  f o r c e s .  The m ain  o b j e c t i v e  o f  t h e  above a c o u s t o -  
s t r u c t u r a l  i n t e r a c t i o n  i s  t h e  d e t e r m i n a t i o n  o f  a c o u s t i c  f i e l d s  p ro d u ce d  
by t h e  i n t e r a c t i o n  be tw een  s o l i d  s t r u c t u r e s  and t h e  f l u i d  c o n ta i n e d  w i t h i n  
t h e  s t r u c t u r e .  The m a th e m a t ic a l  f o r m u l a t i o n  o f  a c o u s t o - s t r u c t u r a l  a n a l y ­
s i s ,  a l th o u g h  u s e f u l  i n  t h e  s tu d y  o f  a c o u s t i c  f i e l d s ,  c a n n o t  b e  r e a d i l y  
em ployed i n  t h e  a n a l y s i s  o f  p r a c t i c a l  s o l i d - f l u i d  i n t e r a c t i o n  i n v o l v i n g  
s p e c i f i e d  b o u n d a ry  c o n d i t i o n s  on t h e  f l u i d  v e l o c i t y  com ponen ts .  T h is  
ty p e  o f  p rob lem s a r i s e s  i n  t h e  h y d r a u l i c  a n a l y s i s  o f  n u c l e a r  r e a c t o r  
sy s te m s  i n  w h ich  th e  b o u n d a ry  c o n d i t i o n s  a r e  o f t e n  s p e c i f i e d  i n  te rm s  
o f  t h e  f l u i d  v e l o c i t y  com ponents  a s  w e l l  a s  p r e s s u r e .  F u r th e r m o r e ,  t h e  
e x t e n s i o n  o f  t h e  a p p ro a c h  u se d  i n  F i g .  l c  t o  t h a t  o f  F ig .  l a  i s  n o t  
s t r a i g h t f o r w a r d .  T h e r e f o r e ,  t o  b r i d g e  t h e  gap be tw een  t h e  two a p p r o a c h e s ,  
an i n t e r m e d i a t e  t e c h n i q u e  a s  shown s c h e m a t i c a l l y  i n  F ig .  lb  s h o u ld  be  
d e v e lo p e d  w h ich  u s e s  th e  s i m p l i f i e d  c o n t i n u i t y  and momentum e q u a t i o n s  
a s  a  compromise b e tw e e n  t h e  s i m p l i f i e d  wave e q u a t i o n  and t h e  N a v i e r -  
S to k e s  e q u a t i o n s .  T h is  a p p ro a c h  c o n s t i t u t e s  t h e  b a s i s  f o r  t h i s  s t u d y  and 
u s e s  t h e  p r e s s u r e  and v e l o c i t y  as  f i e l d  v a r i a b l e s  th u s  a v o id i n g  t h e  
d i f f i c u l t y  w i t h  t h e  im p le m e n ta t io n  o f  t h e  b o u n d a ry  c o n d i t i o n s .  E xpand ing
5t h e  num ber o f  main d e p e n d e n t  v a r i a b l e s  i n  t h e  f l u i d  t o  i n c l u d e  t h e  f l u i d  
v e l o c i t y  com ponents  among t h e  main d e p e n d en t  v a r i a b l e s ,  b ounda ry  c o n d i ­
t i o n s  on t h e  v e l o c i t y  com ponents  a s  w e l l  a s  p r e s s u r e  may b e  e a s i l y  
accommodated w h i l e  t h i s  i s  n o t  t h e  c a s e  f o r  t h e  a c o u s t o - s t r u c t u r a l  
a n a l y s i s  w h ich  can t r e a t  b o u n d a ry  c o n d i t i o n s  e x p r e s s e d  i n  te rm s  o f  
p r e s s u r e  o n l y .
S p e c i f i c a l l y ,  t h e  p u r p o s e  o f  t h e  p r e s e n t  s tu d y  i s  to  examine th e  
p ro b le m  o f  f l u i d  e l a s t i c  e x c i t a t i o n  by d e v e lo p in g  a  m a th e m a t ic a l  m odel 
f o r  t h e  i n t e r a c t i o n  be tw e en  an e l a s t i c  s o l i d  and a  f l u i d  medium u s in g  
f i n i t e  e le m e n t  a p p ro a c h .  The o b j e c t i v e  i s  t o  employ th e  s o l i d  d i s p l a c e ­
m ents  and th e  f l u i d  p r e s s u r e  and v e l o c i t y  com ponents  a s  t h e  n o d a l  d e g re e s  
o f  f re e d o m . The f i n i t e  e le m e n t  m odels  i s  b a s e d  on t h e  d i s c r e t i z a t i o n  
o f  s o l i d  m a t r i x  e q u a t i o n s  o f  m o tio n  and tw o - d im e n s io n a l  c o n t i n u i t y  and 
s i m p l i f i e d  momentum e q u a t i o n s  i n c l u d i n g  th e  i n t e r a c t i v e  f o r c e s  and 
c o n s t r a i n t s  as  shown i n  F i g .  l b .  These  s i m p l i f i e d  momentum e q u a t i o n s  
p e r m i t  t h e  v e r i f i c a t i o n  o f  t h e  r e s u l t s  w i th  t h e  p r e v i o u s l y  m e n t io n e d  
s o l i d - f l u i d  s t u d i e s  b a s e d  on t h e  s o l i d  m a t r ix  e q u a t i o n s  o f  m otion  and 
th e  tw o - d im e n s io n a l  wave e q u a t i o n  i n c l u d i n g  t h e  i n t e r a c t i v e  f o r c e s  shown 
i n  F i g .  l c  [ 1 1 ] ,  s i n c e  t h e  e l i m i n a t i o n  o f  v e l o c i t y  com ponents  among t h e  
c o n t i n u i t y  and t h e  s i m p l i f i e d  momentum e q u a t i o n s  u s e d  r e s u l t s  i n  t h e  
tw o - d im e n s io n a l  wave e q u a t i o n .
The c o n t r i b u t i o n s  o f  t h i s  s t u d y  a r e  a s  f o l l o w s :
1) The m a th e m a t ic a l  f o r m u la t io n  u s e d  i n  t h i s  s tu d y  em ploys th e  s o l i d  
d i s p l a c e m e n ts  t o g e t h e r  w i th  t h e  f l u i d  p r e s s u r e  and v e l o c i t y  components 
a s  t h e  n o d a l  d e g re e s  o f  f re e d o m . T h is  f a c i l i t a t e s  t h e  im p l im e n ta t io n  
o f  r e a l i s t i c  b o u n d a ry  c o n d i t i o n s  i n  te rm s  o f  p r e s s u r e  and v e l o c i t y  
com ponen ts ,  i n  c o n t r a s t  w i th  f o r m u l a t i o n s  u s in g  s t r e a m  f u n c t i o n ,  v o r -  
t i c i t y  and  p r e s s u r e  a s  th e  o n l y  f l u i d  f i e l d  v a r i a b l e s .
2) The m a th e m a t ic a l  f o r m u la t io n  u s e d  i n  t h i s  s tu d y  l a y s  th e  f o u n d a t io n  
f o r  t h e  u l t i m a t e  c o u p l in g  b e tw e e n  a  s t r u c t u r e  r e p r e s e n t e d  by th e  
m a t r ix  e q u a t i o n s  o f  m o tion  and a f lo w  f i e l d  s i m u l a t e d  by  t h e  c o n t i n u ­
i t y  and N a v i e r - S t o k e s  e q u a t i o n s  i n c l u d i n g  th e  i n t e r a c t i v e  f o r c e s  and 
c o n s t r a i n t s  a s  shown i n  F ig .  l a .
3) N odal v e l o c i t y  components t im e  h i s t o r i e s  a r e  t h e  d i s t i n c t i v e  f e a t u r e s  
o f  th e  p r e s e n t  f o r m u la t io n  s i n c e  t h e  f o r m u la t io n  u s i n g  p r e s s u r e  as 
t h e  o n ly  f l u i d  f i e l d  v a r i a b l e  can p r o v id e  o n ly  an  e l e m e n t a l  v e l o c i t y  
c a l c u l a t e d  from  t h e  n o d a l  p r e s s u r e s .
4) The e l e m e n t a l  m a t r i c e s  a r e  u s e d  i n  t h e  n u m e r ic a l  s o l u t i o n .  T h is  f e a ­
t u r e  r e s u l t s  i n  a  c o n s i d e r a b l e  s a v in g  i n  com puter  s t o r a g e  and r u n ­
n in g  t im e ,  i n  c o n t r a s t  w i th  m o st  schem es t h a t  t h e  a s se m b ly  and s t o r ­
age o f  s y s te m  g l o b a l  m a t r i c e s  a r e  e s s e n t i a l  t o  n u m e r i c a l  s o l u t i o n .
5) In  c o n t r a s t  w i t h  t h e  a p p ro a c h  u s e d  i n  F i g .  l c ,  t h e  a p p ro a c h e s  de­
s c r i b e d  i n  F i g s . l a  and lb  i n v o l v e  n o n -sy m m e tr ic  f l u i d  m a t r i c e s  w hich 
p r e c l u d e s  m odal s u p e r p o s i t i o n  m ethod . E f f i c i e n t  n u m e r i c a l  s o l u t i o n  
t e c h n iq u e  f o r  t h e  i n t e g r a t i o n  o f  t h e s e  n o n -sy m m e tr ic  m a t r i c e s  a r e  
d e v e lo p e d .
7The ap p ro a c h  u s e d  i n  t h i s  s tu d y  i s  t e s t e d  f o r  a f low  c o n f i g u r a t i o n  
c o n s i s t i n g  o f  w a t e r ,  be tw e en  two e l a s t i c  p a r a l l e l  p l a t e s ,  s u b j e c t e d  t o  
a  s t e p  p r e s s u r e  a t  one e n d .  V e r i f i c a t i o n  o f  t h e  model i s  a c h ie v e d  by 
com paring  th e  r e s u l t s  w i t h  p r e v io u s  f l u i d  e l a s t i c  s t u d i e s  [11] b a s e d  
on t h e  f i n i t e  e le m e n t  d i s c r e t i z a t i o n  o f  s o l i d  m a t r i x  e q u a t i o n  o f  m o tio n  
and t h e  tw o - d im e n s io n a l  wave e q u a t io n  i n c l u d i n g  t h e  i n t e r a c t i v e  f o r c e s .
T h is  d i s s e r t a t i o n  i s  c o n v e n ie n t l y  d i v i d e d  i n t o  t h r e e  p a r t s :
P a r t  ( 1 ) :  T h is  p a r t  p r e s e n t s  t h e  f i n i t e  e le m e n t  model f o r  t h e  r i g i d
w a l l  c a s e .
P a r t  ( 2 ) :  T h is  p a r t  p r e s e n t s  t h e  f i n i t e  e le m e n t  m odel f o r  t h e  e l a s t i c
w a l l  c a s e .
P a r t  ( 3 ) :  P a r t  t h r e e ,  u s e r ' s  m anual o f  t h i s  s t u d y  i s  p r o v id e d  t o  a i d
th e  u s e r  i n  u n d e r s t a n d in g  th e  co m p u te r  p rogram  and t o  u s e  i t  
e f f e c t i v e l y .
PART ONE
DEVELOPMENT AND RESULTS OF FINITE ELEMENT MODEL FOR THE
RIGID WALL CASE
91. INTRODUCTION
D u rin g  t h e  r e c e n t  y e a r s ,  t h e  f i n i t e  e le m e n t  t e c h n i q u e  h a s  been  
r e c o g n iz e d  a s  an  e f f e c t i v e  a n a l y s i s  t o o l  f o r  t h e  s o l u t i o n  o f  a  w ide  
r a n g e  o f  i n c o m p r e s s i b l e  and c o m p r e s s i b l e ,  i n v i s c i d  and v i s c o u s  f lo w  
p rob lem s i n c l u d i n g  wave p r o p o g a t i o n  phenomena | 6J . Wave p r o p o g a t io n  
p ro b le m s  a r e  o f  p a r t i c u l a r  i n t e r e s t  i n  t h e  l o s s - o f - c o o l a n t  a c c i d e n t  
a n a l y s i s  o f  p r e s s u r i z e d  w a te r  r e a c t o r s .
Most i n v e s t i g a t o r s  employ a  strfeam  f u n c t i o n  f o r m u l a t i o n  f o r  two- 
d im e n s io n a l  p ro b le m s  and a  v o r t i c i t y  a p p ro a c h  f o r  t h r e e - d i m e n s i o n a l  
f lo w  f i e l d s  w hich  o f f e r  t h e  a d v a n ta g e  t h a t  one g o v e rn in g  e q u a t i o n  need  
b e  c o n s id e r e d  i n  t h e  f i n i t e  e le m e n t  d i s c r e t i z a t i o n  i n  a  m anner s i m i l a r  
t o  s t r u c t u r a l  a n a l y s i s .  The m a jo r  d i s a d v a n t a g e  o f  s t r e a m  f u n c t i o n  and 
v o r t i c i t y  a p p ro a c h e s  i s  t h e  d i f f i c u l t y  a s s o c i a t e d  w i t h  t h e  im p lem en ta ­
t i o n  o f  p r e s s u r e ,  v e l o c i t y ,  v e l o c i t y  g r a d i e n t  and s t r e s s  b o u n d a ry  c o n d i ­
t i o n s .  S e v e r a l  r e s e a r c h e r s  h a v e  f a v o r e d  a  f o r m u l a t i o n  u s in g  t h e  p r e s s ­
u r e  and v e l o c i t y  a s  f i e l d  v a r i a b l e s  t h u s  a v o id in g  t h e  d i f f i c u l t y  w i th  
t h e  im p le m e n ta t io n  o f  t h e  b o u n d a ry  c o n d i t i o n s  [10], H ow ever, t h i s  
p r e s s u r e - v e l o c i t y  f o r m u l a t i o n  l e a d s  t o  n o n -sy m m e tr ic  m a t r i c e s  w hich 
p r e c l u d e s  t h e  a p p l i c a t i o n  o f  t h e  m odal s u p e r p o s i t i o n  t o  t h e  f i n i t e  
e le m e n t  a n a l y s i s  [1 1 ] .  The n u m e r i c a l  s o l u t i o n  would  t h e n  r e q u i r e  a 
d i r e c t  n u m e r i c a l  i n t e g r a t i o n  w h ich  i s  o f t e n  ham pered by e x c e s s i v e  
com puter  memory r e q u i r e m e n t  and r u n n in g  t im e  f o r  t h e  s t o r a g e  and 
a l g e b r a i c  m a n i p u l a t i o n  o f  g l o b a l  m a t r i c e s .
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The m ain o b j e c t i v e  o f  t h i s  p a r t  i s  t o  d e v e lo p  an e f f i c i e n t  t e c h n iq u e  
f o r  t h e  f i n i t e  e le m e n t  a n a l y s i s  o f  wave p r o p o g a t io n  p ro b le m s  i n  f l u i d s  
em ploy ing  t h e  p r e s s u r e - v e l o c i t y  f o r m u l a t i o n .  T h is  f o r m u l a t i o n  r e d u c e s  
b o th  t h e  co m p u te r  s t o r a g e  and r u n n in g  t im e  r e q u i r e m e n t s  s i g n i f i c a n t l y  by 
e s s e n t i a l l y  w o rk in g  w i t h  t h e  e l e m e n t a l  m a t r i c e s  r a t h e r  t h a n  t h e  g l o b a l  
m a t r i c e s .  F u r th e r m o r e ,  each  e l e m e n t a l  m a t r i x  i s  b ro k e n  i n t o  two s u b m a t r i c e s -  
one d i a g o n a l  m a t r i x  c o n s i s t i n g  o f  t h e  te rm s  a lo n g  t h e  d i a g o n a l  and one 
m a t r i x  c o n s i s t i n g  o f  t h e  o f f - d i a g o n a l  c o u p l in g  t e r m s .  The e le m e n t a l  
d i a g o n a l  m a t r i c e s  a r e  a s se m b le d  f o r  t h e  e n t i r e  f lo w  f i e l d ,  c o n v e n ie n t l y  
s t o r e d  i n  a g l o b a l  a r r a y  and k e p t  i n  t h e  l e f t  hand s i d e  o f  t h e  m a t r i x  
d i f f e r e n t i a l  e q u a t i o n s .  The e l e m e n t a l  o f f - d i a g o n a l  m a t r i c e s  a r e  s t o r e d  
i n d i v i d u a l l y  and c a r r i e d  to  t h e  r i g h t  hand s i d e ,  m u l t i p l i e d  by t h e  
r e s p e c t i v e  f reed o m  a r r a y s  and t r e a t e d  a s  t im e - d e p e n d e n t  f o r c i n g  f u n c t i o n s .  
T hese  e l e m e n t a l  f o r c i n g  f u n c t i o n s  a r e  a l s o  s t o r e d  i n  a  g l o b a l  a r r a y .  In  
t h i s  m anner, b o u n d a ry  c o n d i t i o n s  on p r e s s u r e  and v e l o c i t y  a s  w e l l  a s  
e x t e r n a l  f o r c i n g  f u n c t i o n s  a r e  e a s i l y  i n t r o d u c e d  and t h e  m a t r i x  e q u a t io n  
r e d u c e s  t o  a  s e t  o f  u n c o u p le d  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  w hich  i s  
r e a d i l y  s o lv e d  by a n a l y t i c  i n t e g r a t i o n .
The d i s t i n c t i v e  f e a t u r e s  o f  t h i s  e f f i c i e n t  t e c h n i q u e  a r e  s m a l l  
memory r e q u i r e m e n t ,  s im p le  l o g i c  and r e d u c e d  r u n n in g  t im e  and com puta­
t i o n a l  c o s t .  P ro b lem s  r e q u i r i n g  l a r g e  h ig h  sp e ed  c o m p u te rs  c a n  b e  so lv e d  
on m in ic o m p u te r s  w i t h  l i m i t e d  s t o r a g e  and c o m p u ta t io n a l  s p e e d .
S p e c i f i c a l l y ,  t h i s  p a r t  p r e s e n t s  a p l a n e  t r i a n g u l a r  f i n i t e  e le m e n t  
f l u i d  model f o r  wave p r o p o g a t io n  phenomena i n  a tw o - d im e n s io n a l  f lo w  
f i e l d  em ploy ing  t h e  p r e s s u r e - v e l o c i t y  f o r m u l a t i o n .  T h i s  f l u i d  e le m e n t  i s  
v e r i f i e d  n u m e r i c a l l y  by s o l v i n g  a  wave p r o p o g a t i o n  f lo w  p rob lem  
c o n s i s t i n g  o f  w a t e r , be tw een  two f l a t  p l a t e s , i n i t i a l l y  a t  r e s t  and
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a c c e l e r a t e d  s u d d e n ly  by a p p ly i n g  a s t e p  p r e s s u r e  a t  one end. The r e s u l t s  
o b t a i n e d  a r e  compared w i t h  a  p r e v i o u s  s t u d y [1 1 ,1 2 ]  b a se d  on t h e  f i n i t e  
e le m e n t  d i s c r e t i z a t i o n  o f  t h e  tw o -d im e n s io n a l  wave e q u a t io n  w i t h  a 
s i n g l e - v a r i a b l e  f o r m u l a t i o n  i n  w hich p r e s s u r e  i s  c o n s id e r e d  a s  t h e  o n ly  
d e p e n d e n t  v a r i a b l e  ( r e f e r r e d  t o  a s  t h e  s i n g l e - v a r i a b l e  p r e s s u r e  
f o r m u l a t i o n  ) .
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2. MATHEMATICAL FORMULATION
The s i m p l i f y i n g  a s s u m p t io n s  employed i n  t h e  deve lopm en t o f  t h i s  
f l u i d  f i n i t e  e le m en t  m odel w i t h  p r e s s u r e - v e l o c i t y  f o r m u la t io n  a r e :
1) The f l u i d  f lo w  i s  assum ed t o  be  c o m p r e s s i b l e ,  tw o -d im e n s io n a l  
and i s o t h e r m a l .
2) The m ain  d e p e n d e n t  v a r i a b l e s  f o r  t h e  f l u i d  a r e  t h e  p r e s s u r e  and 
t h e  two com ponents  o f  v e l o c i t y  i n  x and y d i r e c t i o n s .
3) The c o n s e r v a t i o n  law s f o r  t h e  f l u i d  f lo w  a r e  s i m p l i f i e d  by t h e  
weak wave a p p r o x im a t io n  by a ssum ing  t h a t  t h e  d e n s i t y  o s c i l l a ­
t i o n s  a r e  o f  s m a l l  m a g n i tu d e .
4) The com ponents  o f  f l u i d  s h e a r  s t r e s s  a r e  assum ed to  be p r o p o r ­
t i o n a l  to  t h e i r  r e s p e c t i v e  v e l o c i t y  co m p o n en ts .
5) The momentum f l u x  te rm s  i n  t h e  e q u a t i o n  o f  m o t io n  a r e  n e g l e c t e d .
The above  a s s u m p t io n s  p e rm i t  t h e  v e r i f i c a t i o n  o f  t h e  r e s u l t s  w i t h
a  f i n i t e  e le m e n t  model b a s e d  on t h e  tw o - d im e n s io n a l  wave e q u a t i o n .
The d i f f e r e n t i a l  e q u a t i o n s  g o v e rn in g  t h e  m o tio n  o f  t h e  f l u i d  a r e  
g iv e n  by :
C o n t i n u i t y  e q u a t i o n :
( 1)
Momentum e q u a t i o n s :
( 2 )
(3)
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E q u a t io n  o f  s t a t e :
(■j^) = = C o n s ta n t  (4)
d p  S
i n  w hich p ,  p ,  v ^ ,  a r e  f l u i d  d e n s i t y ,  p r e s s u r e  and v e l o c i t y  
com ponents  a lo n g  x and y a x i s  a t  t im e  t ,  c i s  v e l o c i t y  o f  t h e  a c o u s t i c  
waves i n  t h e  f l u i d ,  p^ i s  t h e  mean f l u i d  d e n s i t y ,  and i s  t h e  v i s c o u s  
damping c o e f f i c i e n t .  E l i m i n a t i n g  p^ be tw e en  e q u a t i o n s  (1) and ( 4 ) ,  t h e  
g o v e rn in g  e q u a t i o n s  o f  m otion  r e d u c e s  t o
9v 9v
t U t  + V i r V 1 ‘ 0 (5)c
9v ,
_ J £  + _ E  +  k v  = o (6 )
9 t  P^ 9x f  x
9v
+ —  -r2- + k v  = 0 (7)9 t  p£ 9y f  y
As shown i n  A ppendix  1, t h e  d i s c r e t i z a t i o n  o f  th e  above  e q u a t i o n s  on f i n i t e  
e le m e t  s u b d i v i s i o n s  o f  t h e  f l u i d  r e g i o n ,  shown i n  F i g . 2 5 l e a d s  t o
[d ] {Z } +  [E ] {Z } = 0  (8)1 e J e L eJ e
w here  [d ] and [e ] a r e  th e  u nsym m etr ic  f l u i d  i n e r t i a  and
f l u i d i t y  m a t r i c e s  f o r  t h e  e le m e n t ,  {Z } i s  t h e  e l e m e n t a l  a r r a y  i n v o l -e
v in g  n o d a l  d e g r e e s  o f  freedom — p r e s s u r e ,  x -com ponent o f  v e l o c i t y ,  and
y-com ponent o f  v e l o c i t y  a s  d e f i n e d  i n  A ppendix  1, and {Z^} i s  t h e  t im e
d e r i v a t i v e  o f  {Z }.e
The p r e s s u r e - v e l o c i t y  f o r m u l a t i o n  p e r m i t s  t h e  i n t r o d u c t i o n  o f  
s p e c i f i e d  n o d a l  p r e s s u r e  a n d /o r  v e l o c i t y  com ponents  i n t o  {Z^} a n d
F I G .  2
x 3
PI
vxl
vyi
FLUID ELEMENT
C (xc , yc)
CENTROID
PLANE TRIANGULAR FLU ID  F I N I T E  ELEMENT FOR 
PRESSU RE-V ELO CITY  FORMULATION
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a r r a y s .  T h is  i s  i n  c o n t r a s t  w i t h  t h e  p r e s s u r e  f o r m u l a t i o n  which i s  
d e r i v e d  by t h e  e l i m i n a t i o n  o f  t h e  v e l o c i t y  com ponents  v ^  and v^  i n  
e q u a t i o n s  ( 5 ) ,  (6) and (7) l e a d i n g  to  t h e  two d i m e n s io n a l  wave e q u a t i o n
i _ E + 3_R = l _ ( l _ R + k l R )  (9)
„ 2 2 2 2 f  3 t3x 3y c 3 t
The d i s c r e t i z a t i o n  o f  t h e  above  e q u a t i o n  on f i n i t e  e le m e n t  s u b d i v i s i o n s  
o f  t h e  f l u i d  r e g i o n  w i l l  t h e n  g iv e  t h e  m a t r ix  d i f f e r e n t i a l  e q u a t io n  
b a sed  on t h e  p r e s s u r e  f o r m u l a t i o n  a s  f o l l o w s  [1 2 ] :
[ < y  (p e > + [Le J <pe ) +  [He l (Pe ) -  l F e ) (10)
w here  | g ] , | L ] and [h I a r e  t h e  e l e m e n ta l  i n e r t i a ,  v i s c o u s  0 6 6
damping and  f l u i d i t y  m a t r i c e s  , {pg } » anc  ^ 3 r e  t *ie e l em en ta l
n o d a l  p s s u r e  a r r a y s ,  i t s  f i r s t  and second  t im e  d e r i v a t i v e s ,  and {F£ }
i s  t h e  c o n t r i b u t i o n  due t o  t h e  b o u n d a ry  i n t e g r a l s  c o r r e s p o n d in g  t o  t h e
p r e s c r i b e d  m o tio n .  The p r e s s u r e  f o r m u la t io n  p e r m i t s  t h e  i n t r o d u c t i o n
o f  s p e c i f i e d  p r e s s u r e s  i n t o  {p } , {p } and {p } a r r a y s .  The s p e c i f i e de  e e
b ounda ry  c o n d i t i o n s  on v e l o c i t y  com ponents  can  be  o n ly  im plem ented  
i n d i r e c t l y  i f  t h e s e  c o n d i t i o n s  can  be  e x p re s s e d  i n  te rm s  o f  n o d a l  
p r e s s u r e s .  The d e r i v a t i o n  o f  t h e  e l e m e n t a l  m a t r i c e s  and t h e  boundary  
i n t e g r a l  a r r a y  f o r  e q u a t i o n  ( 1 0 ) ,  t h e  a ssem b ly  o f  t h e  g l o b a l  m a t r ix  
e q u a t i o n  and t h e  n u m e r ic a l  m ethod o f  s o l u t i o n  f o r  t h e  p r e s s u r e  
f o r m u l a t i o n  a r e  p r e s e n t e d  e l s e w h e r e  [12] •
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3. NUMERICAL SOLUTION
The n u m e r i c a l  s o l u t i o n  f o r  t h e  p r e s s u r e - v e l o c i t y  f o r m u l a t i o n  i s  
a c h ie v e d  by f i r s t  b r e a k i n g  e a c h  o f  t h e  f l u i d  m a t r i c e s  [d ^J and (E^j i n  
e q u a t io n  (8) i n t o  two s u b m a t r i c e s  — one d i a g o n a l  and one o f f - d i a g o n a l  
m a t r ix .  Upon s u b s t i t u t i o n ,  e q u a t i o n  (8) becomes
rD' {Z } + E ' {Z } = -  [D"] {Z } -  IE"] {Z } (11)Q (3 £3 I- (3 J  (3 I- o  j oe e j  e e J e e J e
w here
[ D j  = *D' +  [d"J (12)
eJ  e
W  = + M  (13)e e j  e
i n  w hich  ' d ' and fE' a r e  two d i a g o n a l  m a t r i c e s  whose te rm s  a r e  t h e  
eJ
d ia g o n a l  t e rm s  o f  [d "] and [e ^J r e s p e c t i v e l y  w h i l e  [d^] and |E ” ]
a r e  o f f - d i a g o n a l  m a t r i c e s  w i t h  z e r o s  a lo n g  t h e i r  d i a g o n a l s  and o f f -
d i a g o n a l  t e rm s  e q u a l  to  t h o s e  o f  [d ] a n d [e ] r e s p e c t i v e l y . Em ploying t e m p o r a r i l y
6 '  6
t h e  p a s t  v a l u e s  o f  (Z } and {Z } f o r  t h e  r i g h t  hand  s i d e  o f  e q u a t i o n se e
( 1 1 ) , t h e s e  e q u a t i o n s  become c o m p le te ly  u n c o u p le d  and t h e  e l e m e n t a l  m a t r i x  
e q u a t i o n  becomes
rD’ {Z } + rE ’ {Z } = {F ’ } (14)e j  e e j  e e
w here  {F^} = -  [ d " ]  {Z£ }0 -  [E^] {Z£ }0 (15)
r  p
i n  which t h e  d i a g o n a l  m a t r i c e s  Dr and E' a s  w e l l  a s  t h e  f o r c i n g
eJ eJ
f u n c t i o n  {F^} can  b e  c o n v e n i e n t l y  s t o r e d  i n  t h r e e  s e p a r a t e  a r r a y s  a t  
s i g n i f i c a n t  s a v in g s  i n  c o m p u ta t io n a l  s t o r a g e  and t im e  r e q u i r e m e n t s .
A ssem bling  t h e  above  e l e m e n ta l  e q u a t i o n s  f o r  a l l  n s y s te m  e le m e n t s ,  t h e
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f i n a l  d i f f e r e n t i a l  e q u a t i o n s  f o r  t h e  f lo w  f i e l d  a r e
D \
r i
{Z} + E . {Z} = {F ' } (16)
w here
D' =
e=n r
Z D’
i e ie= l  —'
r , e=n r  ,
E 1 = E D'_i .. e ,e = l  -1
e=n
( F '}=  Z {F T} 
e= l  6
(17)
E q u a t io n  (16) c o n s t i t u t e s  a  s e t  o f  3n u n c o u p le d  f i r s t  o r d e r  d i f f e r e n t i a l  
e q u a t i o n s  w i th  t i m e - v a r y i n g  f o r c i n g  f u n c t i o n  e ach  h a v in g  t h e  f o l l o w in g  
fo rm
oz + yz = f ( t )  (18)
p
i n  w hich  a and y a r e  c o n s t a n t s  r e p r e s e n t i n g  t h e  d i a g o n a l  te rm s  o f  
and * E ' |  r e s p e c t i v e l y .  E q u a t io n  (18) can  b e  r e a d i l y  i n t e g r a t e d  a n a l y t i c ­
a l l y  w i t h i n  e a ch  s m a l l  t im e  in c re m e n t  At a s  f o l l o w s :
1) I f  a  and y a r e  n o n z e ro ,
t+At
-k A t  , -k A t . kx - . . ,
Zj = zj _ i  e + e /  e f ( T) dx
t
(19)
w here
_ _y_
and z j_-^ a n d z^ . a r e  t h e  p r e s e n t  and t h e  u p d a te d  v a lu e s  o f  t h e  i n t e g r a t e d  
v a r i a b l e s  r e s p e c t i v e l y .  S in c e  At i s  s m a l l ,  i t  would be  p o s s i b l e  to  
i n t e r p o l a t e  f ( i )  l i n e a r l y  i n  th e  i n t e r v a l  t  < x < t+A t from  p r e s e n t  and 
u p d a te d  v a l u e s  o f  " f "  by
f ( T )  -  V l  +  < f  -  ^ ( 20)
and p e r fo rm  th e  i n t e g r a t i o n  i n d i c a t e d  by e q u a t i o n  ( 1 9 ) ,  a s su m in g  an
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an a v e r a g e  v a lu e  f o r  f  = h ( f . + f .  , )  w i t h i n  t h e  t im e  i n t e r v a l .  P e r fo rm in g
1 J - 1
t h i s  o p e r a t i o n  one o b t a i n s
-kA t , 1  ,  c  , c  \  r  -i -kA t .z .  = z ,  . e  + — ( f + f . ) ( l - e  ) (21)
J 3 -1  2y j - 1  j
and
z .  = -  k  [ z .  -  - f -  ( f . + f .  ) e k A t] (22)j  j - 1  2y j - 1  j  J
2) I f  a i s  n o n z e ro  b u t  y i s  e q u a l  to  z e ro
z .  = z .  i + ( f . i + f • ) (23)J J - 1  2a j - 1  j
and
1z ( f .  , + f .  ) (24)j  2a j - 1  j
I t  s h o u ld  be  n o te d  t h a t  s i n c e  t h e  u p d a te d  v a l u e s  o f  f^ i n  t h e  above
e q u a t i o n s  a r e  n o t  y e t  known, an  i t e r a t i v e  p r o c e d u r e  would b e  n e c e s s a r y .
F i r s t ,  t h e  v a l u e  o f  f .  a r e  s e t  e q u a l  t o  f .  , and t h e  f i r s t  t r i a l  v a l u e s
J J - 1
z 1 and z} a r e  c a l c u l a t e d  from  e q u a t i o n  (21) t h ro u g h  ( 2 4 ) .  S u b s t i t u t i n g
t h e s e  v a l u e s  i n t o  e q u a t i o n  ( 1 5 ) ,  t h e  f i r s t  u p d a te d  v a lu e s  a r e  computed
and u s e d  i n  e q u a t i o n s  (21) th ro u g h  (24) to  c a l c u l a t e  t h e  se co n d  t r i a l  
2 . 2v a l u e s  z .  and z .  . T h is  i t e r a t i v e  p r o c e d u r e  i s  c o n t in u e d  u n t i l  t h e  
J J
v a l u e s  o f  z c o n v e r g e  w i t h i n  a  p r e s c r i b e d  e r r o r .
The combined a n a l y t i c a l  and i t e r a t i v e  s o l u t i o n  i s  r e p e a t e d  f o r  
s u c c e s s i v e  t im e  in c r e m e n ts  ( w i th  t h e  o r i g i n  o f  t im e  a t  t h e  b e g in n in g  o f  
e a ch  i n t e r v a l  c o n v e n ie n t l y  s e t  e q u a l  t o  z e ro )  u n t i l  t h e  e n t i r e  p ro b le m  t im e  
i s  c o v e r e d .
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4 .  PRESENTATION OF RESULTS
The f i n i t e  e le m en t  model w i t h  p r e s s u r e - v e l o c i t y  f o r m u l a t i o n ,  
d e v e lo p e d  i n  t h i s  s t u d y ,  i s  v e r i f i e d  by com par ing  t h e  r e s u l t s  w i t h  a 
p r e v i o u s  s tu d y  b a sed  on a  f i n i t e  e le m en t  m odel w i t h  p r e s s u r e  c o n s id e r e d  
a s  t h e  o n ly  d e p e n d e n t  v a r i a b l e ,  o b t a in e d  from  t h e  tw o - d im e n s io n a l  wave 
e q u a t i o n  [ 1 1 ,1 2 ] ,  A tw o - d im e n s io n a l  c h a n n e l  f lo w ,  2 9 .4 "  lo n g  and 
24" w ide  w i t h  r i g i d  w a l l ,  shown i n  F ig u r e  3 , i s  a n a ly z e d .  W ater i n i t i a l ­
l y  a t  r e s t  i s  a c c e l e r a t e d  s u d d e n ly  by a p p ly i n g  a  s t e p  p r e s s u r e  P g~a t  
t h e  c h a n n e l  e n t r a n c e  w h i l e  m a i n t a i n i n g  a z e r o  p r e s s u r e  a t  t h e  c h a n n e l  
e x i t .
The f lo w  r e g i o n  i s  d i v i d e d  i n t o  48 t r i a n g u l a r  e le m e n t  as  shown i n  
F i g u r e  4 .  T h re e  v a lu e s  o f  v i s c o u s  damping a r e  s t u d i e d :  (1) i n v i s c i d  c a s e ,  
k.£ = 0; (2) s l i g t h l y  v i s c o u s  c a s e ,  = 1406 .666  s e c  ^ ; (3) h i g h l y  
v i s c o u s  c a s e ,  = 3 0 6 2 .426  s e c  ^ .
The FASINT d i g i t a l  p r o g r a m ,d e s c r ib e d  i n  p a r t  3 , i s  employed t o  s o lv e  
t h e  p ro b le m . R esponse  t im e  h i s t o r i e s  a r e  o b t a i n e d  n u m e r i c a l ly  f o r  a l l  
t h r e e  c a s e s  i n d i c a t e d  a b o v e .  T y p i c a l  n o d a l  p r e s s u r e  and  a x i a l  v e l o c i t y  
component f o r  one p o s i t i o n  u p s t r e a m  and one p o s i t i o n  dow nstream  a r e  
p l o t t e d  f o r  t h e  p r e s e n t  s tu d y  em ploy ing  t h e  m u l t i - v a r i a b l e  p r e s s u r e -  
v e l o c i t y  f o r m u l a t i o n ,  a  p r e v i o u s  s tu d y  u s in g  s i n g l e - v a r i a b l e  p r e s s u r e  f o r m u la t io r  
b a s e d  on tw o - d im e n s io n a l  wave e q u a t i o n  [ 1 1 ,1 2 ] ,  and a  s i m p l i f i e d  o n e ­
d i m e n s io n a l  a n a l y t i c a l  s o l u t i o n .  The p o s i t i o n s  and v a r i a b l e s  s e l e c t e d  f o r  
p l o t t i n g  a r e  shown i n  T a b le  1 t o g e t h e r  w i t h  t h e  c o r r e s p o n d in g  f i g u r e  
n u m b e rs .
To e s t a b l i s h  th e  c o n v e rg e n c e  o f  t h e  n u m e r i c a l  s o l u t i o n , t h e  minimum
20
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p e r i o d  a s s o c i a t e d  w i th  t h e  s m a l l e s t  l e n g t h  in c r e m e n t  i s  c a l c u l a t e d  from  
th e  f o l l o w i n g  r e l a t i o n
I  .
T . = 2 t tmxn c
S in c e  & . = 2 . 1  i n c h e s  and c = 60 ,0 0 0  i n / s e c ,  T . become e q u a l  t omin mxn
0 .0 0 0 2 2 .  E x a m in a t io n  o f  com pu te r  r e s u l t s  shows t h a t  t h i s  p e r io d  i s  
in d e e d  p r e s e n t  i n  t h e  n o d a l  t im e  h i s t o r i e s  on t h e  e le m e n t  c l o s e  t o  t h e  
e le m e n t  w i t h  t h e  s m a l l e s t  l e n g t h .  To a s c e r t a i n  t h e  c o n v e rg e n c e  o f  t h e  
s o l u t i o n ,  t h e  i n t e g r a t i o n  t im e  s t e p  was s e t  l e s s  t h a n  t h  o f  t h i s  
minimum p e r i o d  a t  At = 0 .0 0 0 0 0 2 5  s e c .  T h is  t im e  in c re m e n t  l e d  t o  a 
c o n v e r g e n t  s o l u t i o n  f o r  a l l  c a s e s  s t u d i e d .  The c o n v e rg e n c e  o f  t h e  
s o l u t i o n  was e s t a b l i s h e d  when d o u b l in g  t h e  t im e  i n t e r v a l  p roduced  no 
s i g n i f i c a n t  change  i n  t h e  p r e s s u r e  and v e l o c i t y  t im e  h i s t o r i e s .
The - i n v i s c i d  f lo w  p r e s s u r e  and v e l o c i t y  t im e  h i s t o r i e s  a r e  t y p i c a l l y  
shown i n  F i g s .  5 t o  8. The p r e s s u r e  t im e  r e s p o n s e s  a t  u p s tre a m  and down­
s t r e a m  n o d e s ,  shown i n  F i g s .  5 and6  , f o r  b o t h  t h e  m u l t i - v a r i a b l e  
p r e s s u r e - v e l o c i t y  f o r m u l a t i o n  and t h e  s i n g l e - v a r i a b l e  p r e s s u r e  f o rm u la ­
t i o n  (b a s e d  on t h e  tw o - d im e n s io n a l  wave e q u a t i o n )  o s c i l l a t e  a b o u t  t h e  
s i m p l i f i e d  o n e - d im e n s io n a l  a n a l y t i c a l l y - c a l c u l a t e d  r e c t a n g u l a r  wave form  
and a r e  a l l  i n  r e a s o n a b l e  a g re e m e n t .  However, t h e  s i m p l i f i e d  o n e ­
d im e n s io n a l  a n a l y t i c a l  s o l u t i o n  a l lo w s  o n ly  a x i a l  m o tio n  o r  p r e s s u r e  
v a r i a t i o n  a n d ,  t h e r e f o r e ,  c a n n o t  b e  e x p e c te d  to  b e  a c c u r a t e  f o r  a  tw o-  
d im e n s io n a l  f lo w  f i e l d  u n d e r  c o n s i d e r a t i o n .  The s i n g l e - v a r i a b l e  a p p ro a c h  
a l l o w s  a  tw o - d im e n s io n a l  p r e s s u r e  v a r i a t i o n  and f o r  t h i s  r e a s o n  t h e  
p r e s s u r e  r e s p o n s e  i s  o s c i l l a t o r y .  T h is  o s c i l l a t o r y  b e h a v io r  h a s  a l s o  b e e n  
o b s e rv e d  by many i n v e s t i g a t o r s  su ch  a s :  1) Conway and Ja kubow sk i  [  3 ]
who i n v e s t i g a t e d  wave p r o p o g a t i o n  i n  a x i a l l y  im p a c te d  b a r s  o f  s h o r t  l e n g t h
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 MULTI-VARIABLE PRESSURE VELOCITY FORMULATION
 SINGLE-VARIABLE PRESSURE FORMULATION
 SIMPLIFIED ANALYTICAL SOLUTION
NODE 9
0 .5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
DIMENSIONLESS TIME , t / (L /c )
2 NODE 10
0
1.0 1.5 2.0 2.5 3 0  3.5 4.00 5
DIMENSIONLESS TIME , t  / ( L /c )
2 NODE I
A
0
0 .5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
DIMENSIONLESS T I M E , t / ( L / c )
2 NODE 12
v
0
.5 1.0 1.5 2.0 2.5 3.0 3.5 4.00
DIMENSIONLESS TIME , t / ( L / c )
F I G .  5 A COMPARISON OF M ULTI-VA RIABLE AND SING LE-VA RIABLE 
PRESSURE TIME H IS T O R IE S  FOR IN V IS C ID  CASE AT X = 
6 . 9  INCHES
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F I G .
■MULTI-VARIABLE PRESSURE-VELOCITY FORMULATION
 SINGLE-VARIABLE PRESSURE FORMULATION
 SIMPLIFIED ANALYTICAL SOLUTION
2  -i
2  -i
I -  
0
NODE 25
t — i
.5 1.0 1.5 2.0 25 3.0 3.5 4.0
DIMENSIONLESS TIME , t / (L /c )
NODE 26
i — i— v i  r  1----------------— i
0 .5 1.0 1.5 2 0  25 3.0 35 4.0
DIMENSIONLESS TIME , t / (L /c )
NODE 27
0 .5  1.0 1.5 2.0 25 3.0 3.5 4.0
DIMENSIONLESS TIME , t / ( L /c )
NODE 28
DIMENSIONLESS TIME , t / ( L / c )
6 A COMPARISON OF M ULTI-VA RIABLE AND SIN G LE-V A RIA BLE
PRESSURE TIME H IS T O R IE S  FOR IN V IS C ID  CASE AT X =
2 3 . 7  INCHES
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e x p e r i m e n t a l l y  and a n a l y t i c a l l y ;  and 2) Z ie lk e [ 2 2 ]  , Holmboe and 
R o u le a u  [ 9 "j} and T a r a n t i n e  and R ou leau  [20] who c o n d u c te d  e x p e r im e n t s  
on t h e  p r o p o g a t io n  o f  p r e s s u r e  p u l s e  and f lo w  s u rg e  i n  l i q u i d  t r a n s ­
m is s io n  l i n e s  and com pared t h e  r e s u l t s  w i t h  t h e o r y .
However, s i n c e  t h e  v e l o c i t y  com ponents  a r e  n o t  among t h e  sy s te m  
d e g r e e s  o f  freedom  i n  t h e  s i n g l e - v a r i a b l e  p r e s s u r e  f o r m u l a t i o n ,  t h e  t im e  
r e s p o n s e  i s  n o t  f u l l y  r e a l i s t i c .  The m u l t i - v a r i a b l e  a p p ro a c h  a l lo w s  f o r  
a  c o m p le te  tw o -d im e n s io n a l  p r e s s u r e  and v e l o c i t y  v a r i a t i o n  and f o r  t h i s  
r e a s o n  t h e  p r e s s u r e  r e s p o n s e  i s  somewhat more o s c i l l a t o r y  a n d ,  t h e r e f o r e ,  
more r e a l i s t i c  a s  com pared w i t h  t h e  s i n g l e - v a r i a b l e  p r e s s u r e  f o r m u l a t i o n .
To d e m o n s t r a t e  t h e  f e e d b a c k  e f f e c t  be tw e en  t h e  n o d a l  p r e s s u r e  and t h e  
v e l o c i t y  com ponen ts ,  t h e  y v e l o c i t y  component f o r  node 10 i s  t y p i c a l l y  
p l o t t e d  i n  F i g .  7 .  The y -com ponen t o f  v e l o c i t y  a t  node 10 o s c i l l a t e s  
a b o u t  z e ro  b e c a u s e  o f  t h e  f l u i d  c o m p r e s s i b i l t y  and t r a n s v e r s a l  b ounda ry  
c o n s t r a i n t s .  These  o s c i l l a t i o n s  a f f e c t  t h e  x -com ponen t o f  v e l o c i t y  a t  
node  10 and make i t  more o s c i l l a t o r y  w h ich  i n  t u r n  i n c r e a s e s  t h e  
p r e s s u r e - v e l o c i t y  v i b r a t o r y  r e s p o n s e  a m p l i t u d e s  i n  t h e  e n t i r e  f lo w  f i e l d .
The v e l o c i t y  t im e  r e s p o n s e  a t  u p s t r e a m  and dow nstream  n o d e s ,  shown in  
F i g s .  7 and 8» a r e  t h e  d i s t i n c t i v e  f e a t u r e s  o f  t h e  p r e s s u r e - v e l o c i t y  
f o r m u l a t i o n  p r e s e n t e d  h e r e i n  s i n c e  t h e  s i n g l e - v a r i a b l e  p r e s s u r e  f o r m u la t io n  can 
p r o v i d e  o n ly  an e l e m e n t a l  v e l o c i t y  c a l c u l a t e d  from  t h e  n o d a l  p r e s s u r e s .
A c o m p a r iso n  b e tw een  t h e  m u l t i - v a r i a b l e  and s i n g l e - v a r i a b l e  v e l o c i t y  t im e  
h i s t o r i e s  h a s  been  made p o s s i b l e  by a v e r a g in g  t h e  n o d a l  v e l o c i t i e s  from 
t h e  m u l t i - v a r i a b l e  s tu d y  and com paring  t h e  r e s u l t  w i th  t h e  e l e m e n t a l  
v e l o c i t y  from  t h e  s i n g l e - v a r i a b l e  a p p ro a c h  w hich  show a good a g re e m e n t .
The p r e s s u r e  and v e l o c i t y  t im e  h i s t o r i e s  f o r  s l i g h t l y  v i s c o u s  c a s e
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NODE 25 
NODE 29 
NODE 30
ZO 2.5
4 -
3 -
2 -
3.0 35
DIMENSIONLESS TIME , t / (L /c )
4.0
ELEMENT 37
AVERAGE VELOCITY OF NODES-*/' 
25,29 AND 30
 MULTI-VARIABLE PRESSURE
VELOCITY FORMULATION
 SINGLE-VARIABLE PRESSURE
FORMULATION
 SIMPLIFIED ANALYTICAL
SOLUTION
“ I 1----------1----------1----------1---------- 1
1.5 2.0 25 3.0 3.5 4.00 .5 1.0
DIMENSIONLESS TIME , t  / ( L / c )
A COMPARISON OF M U LTI-VA RIABLE AND SIN G LE-V A R IA B LE 
VELOCITY TIM E H IS T O R IE S  FOR INVXSCID CASE 7 0 1
ELEMENT 3 7
29
t y p i c a l l y  shown i n  F i g s . 9 and 1 0 ,e x h i b i t  a  p a t t e r n  s i m i l a r  t o  i n v i s c i d  
f lo w  c a s e  e x c e p t  f o r  t h e  f a c t  t h a t  a l l  r e s p o n s e s  c l e a r l y  show t h e  
v i s c o u s  damping e f f e c t  and i n d i c a t e  t h a t  u l t i m a t e l y  a  s t e a d y  s t a t e  
p r e s s u r e  and v e l o c i t y  d i s t r i b u t i o n  w i l l  b e  r e a c h e d .
The p r e s s u r e  and v e l o c i t y  t im e  h i s t o r i e s  f o r  h i g h l y  v i s c o u s  c a s e  
t y p i c a l l y  shown i n  F i g s .  11 and  12, e x h i b i t  a  h i g h l y  damped b e h a v io r  and 
c l o s e l y  f o l l o w  t h e  s i n g l e - v a r i a b l e  and s i m p l i f i e d  a n a l y t i c a l  s o l u t i o n s .  
T h is  i s  t o  b e  e x p e c te d  s i n c e  t h e  h i g h l y  v i s c o u s  c o n d i t i o n  t e n d s  to  damp 
o u t  t h e  t r a n s v e r s e  p r e s s u r e  g r a d i e n t s  and v e l o c i t i e s  and r e d u c e  t h e i r  
f e e d b a c k  on t h e  l o n g i t u d i n a l  p r e s s u r e  and v e l o c i t y  d i s t r i b u t i o n .  A l l  
p r e s s u r e  and  v e l o c i t y  r e s p o n s e s  a p p ro a c h  t h e i r  f i n a l  s t e a d y  s t a t e  v a l u e s .  
A l l  p h y s i c a l  d a t a  f o r  t h e  c a s e s  s t u d i e d  a r e  p r e s e n t e d  i n  T a b le  2.
T a b le  2 .  P h y s i c a l  D a ta  f o r  t h e  R ig id  W all Case
P a r a m e te r  SI U n i t  B r i t i s h  U n i t
2 4 -5  2 4D e n s i ty  9 9 9 .7 8  N se c  /m 9 .3 5 5 2  x 10 l b f - s e c  / i n
4
Speed o f  sound 1524. m /sec  6 x 10 i n / s e c
P r e s s u r e  a t  c h a n n e l  i n l e t  68948. Pa 10 p s i a
C hanne l  l e n g t h  0 .7 4 7  m 2 9 .4  i n
C hanne l  w id th  0 .6 1  m 2 4 .0  i n
V is c o u s  dam ping:
I n v i s c i d  c a s e  0 . s e c   ^ 0 .  s e c  ^
S l i g h t l y  v i s c o u s  c a s e  1046 .666  s e c   ^ 1046 .666 s e c
H ig h ly  v i s c o u s  c a s e  3062 .467  s e c   ^ 3062 .467 s e c  ^
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5. CONCLUSIONS
A m u l t i - v a r i a b l e  t e c h n i q u e  f o r  t h e  f i n i t e  e le m e n t  a n a l y s i s  o f  wave 
p r o p o g a t i o n  p rob lem s i n  f l u i d s  i s  p r e s e n t e d .  The m ain  d i s t i n c t i v e  
f e a t u r e s  o f  t h i s  t e c h n i q u e  a r e :
1) The m a th e m a t ic a l  f o r m u l a t i o n  i s  b a s e d  on t h e  p r e s s u r e - v e l o c i t y  
f o r m u la t io n  w h ich  f a c i l i t a t e s  t h e  im p le m e n ta t io n  o f  b ounda ry  
c o n d i t i o n s  i n  te rm s  o f  p r e s s u r e  and v e l o c i t y  com ponen ts . T h is  
i s  i n  c o n t r a s t  w i t h  s t r e a m  f u n c t i o n ,  v o r t i c i t y  and p r e s s u r e  
f o r m u la t io n  f o r  w h ich  r e a l i s t i c  b o u n d a ry  c o n d i t i o n s  c a n n o t  be  
r e a d i l y  im p lem en ted .
2) The e l e m e n ta l  m a t r i c e s  a r e  u sed  d i r e c t l y  i n  t h e  n u m e r ic a l  s o l u ­
t i o n .  T h is  f e a t u r e  r e s u l t s  i n  a  c o n s i d e r a b l e  s a v in g  i n  com puter  
s t o r a g e  and r u n n in g  t im e  — i n  c o n t r a s t  w i t h  m ost schemes t h a t  
t h e  a ssem b ly  and s t o r a g e  o f  sy s te m  g l o b a l  m a t r i c e s  a r e  e s s e n ­
t i a l  t o  t h e  n u m e r i c a l  s o l u t i o n .
Based on t h i s  m u l t i - v a r i a b l e  p r e s s u r e - v e l o c i t y  f o r m u l a t i o n ,  a p l a n e  
t r i a n g u l a r  f i n i t e  e le m en t  f l u i d  m odel f o r  wave p r o p o g a t i o n  phenomena i n  
a  tw o - d im e n s io n a l  f low  f i e l d  i s  d e v e lo p e d .  T h i s  m odel i s  v e r i f i e d  by 
s o l v i n g  a  wave p r o p o g a t io n  f lo w  p ro b le m  and com par ing  t h e  r e s u l t s  w i t h  
a  p r e v i o u s  s tu d y  b a se d  on a  s i n g l e - v a r i a b l e  p r e s s u r e  f o r m u la t io n  
c o n s i d e r i n g  p r e s s u r e  a s  t h e  o n ly  d e p e n d en t  v a r i a b l e .  The ag reem en t  
b e tw e en  t h e  two m odels  a r e  c o n f i rm e d  w i th  a p a r a m e t r i c  s tu d y  u s in g  
i n v i s c i d ,  s l i g h t l y  v i s c o u s  and h i g h l y  v i s c o u s  f lo w s .
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PART TWO
DEVELOPMENT AND RESULTS OF FINITE ELEMENT MODEL FOR THE
ELASTIC WALL CASE
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1. INTRODUCTION
Flow in d u c e d  v i b r a t i o n  i s  f r e q u e n t l y  e n c o u n te r e d  i n  t h e  o p e r a t i o n  
o f  many r e a c t o r  sy s te m s  and co m p o n en ts .  V i b r a t o r y  s t r e s s e s  and dynamic 
i n s t a b i l i t i e s  o f  r e a c t o r  f u e l  b u n d le  and h e a t  e x c h a n g e r  tu b e s  a r e  a few 
exam ples  o f  f lo w  in d u c e d  v i b r a t i o n  phenomena w h ich  h a v e  b e e n  s tu d i e d  
e x t e n s i v e l y  b o th  e x p e r i m e n t a l l y  and a n a l y t i c a l l y .  S t a t e  o f  t h e  a r t  
r e v ie w s  o f  f lo w  in d u c e d  p ro b le m s  h a v e  a l s o  b e e n  u n d e r t a k e n  [ l 7 , l , 2 j .
Four t y p e s  o f  v i b r a t o r y  p a t t e r n s  a r e  g e n e r a l l y  i n v o l v e d :
1) T u r b u le n t  e x c i t a t i o n  w h ich  i s  in d e p e n d e n t  o f  t h e  s t r u c t u r a l  m o tio n  
and h a s  a  b ro a d  f r e q u e n c y  s p e c t ru m .
2) D i s c r e t e  f r e q u e n c y  e x c i t a t i o n  o r  v o r t e x  s h e d d in g  w h ich  i s  a l s o  i n d e ­
p e n d e n t  o f  s t r u c t u r a l  m o t io n  and h a s  a d e f i n i t e  p e r i o d .  T h is  
phenomenon i s  o b s e rv e d  i n  c r o s s - f l o w  p a s t  h e a t  e x c h an g e r  tu b e  b a n k s . 
V o r t i c e s  a r e  p e r i o d i c a l l y  shed  from  a l t e r n a t e  s i d e s  o f  t h e  t u b e s ,  
c a u s i n g  a  wavy f lo w  p a t t e r n  i n  t h e  wake.
3) A c o u s t i c  o s c i l l a t i o n s  n o rm a l  t o  b o t h  f lo w  d i r e c t i o n  and tu b e  o r  ro d  
a x i s  w hich  i n  a  r e c t a n g u l a r  d u c t  h a s  a wave l e n g t h  e q u a l  to  tw ic e  
t h e  d u c t  w id th  f o r  i t s  l o w e s t  f r e q u e n c y .  T h i s  o s c i l l a t i o n  i s  a l s o  
u n r e l a t e d  t o  t h e  t u b e  m o tio n .
4) S t r u c t u r a l  n a t u r a l  f r e q u e n c y  o s c i l l a t i o n s  w h ic h  i s  m e c h a n ic a l ly  
r e l a t e d  t o  t h e  tu b e  o r  ro d  m o tio n  and i s  a  f u n c t i o n  o f  t h e  s t r u c t u r a l  
r i g i d i t y ,  d e n s i t y ,  g eo m etry  and s u p p o r t  b o u n d a ry  c o n d i t i o n s .
Flow in d u c e d  v i b r a t i o n  i n  r e a c t o r  sy s te m  com ponents  o c c u r s  when 
two o r  more o f  t h e  above v i b r a t o r y  p a t t e r n s  c o i n c i d e  w i t h  one  a n o th e r  
a s  d e s c r i b e d  i n  t h e  f o l l o w i n g  s i t u a t i o n s .
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1) A n a t u r a l  f r e q u e n c y  o f  t h e  s t r u c t u r e  f a l l s  w i t h i n  t h e  f r e q u e n c y  
sp e c tru m  o f  t u r b u l e n t  p r e s s u r e  f l u c t u a t i o n s  g i v i n g  r i s e  to  
r e s o n a n c e  r e f e r r e d  t o  a s  " b u f f e t i n g " .
2) The f r e q u e n c y  o f  v o r t e x  s h e d d in g  a t  a  p a r t i c u l a r  f lo w  r a t e  
c o i n c i d e s  w i t h  t h e  n a t u r a l  a c o u s t i c  f r e q u e n c y  o f  t h e  com ponent.
The two s y s te m s  t h u s  c o u p le ,  t h e  k i n e t i c  e n e rg y  i n  t h e  f lo w  
s t r e a m  i s  c o n v e r t e d  i n t o  a c o u s t i c  p r e s s u r e  w aves.
3) A s t r u c t u r a l  n a t u r a l  f r e q u e n c y  may b e  n e a r  t h e  v o r t e x  s h e d d in g  
f r e q u e n c y .  The tu b e  o r  ro d  w i l l  t h e n  s t a r t  t o  v i b r a t e  and r e i n ­
f o r c e  t h e  v o r t e x  s h e d d in g  c a u s i n g  s e v e r e  n o i s e  and  s t r u c t u r a l  
f a t i g u e  f a i l u r e s .  T h is  i s  r e f e r r e d  t o  a s  f o r c e d  v i b r a t i o n .
4) The p o s i t i o n  o f  t h e  s t r u c t u r e  w i t h  r e s p e c t  to  t h e  i n c i d e n t  
s t r e a m  may c a u s e  a  t r a n s v e r s e  f l u i d  f o r c e  on t h e  s t r u c t u r e  p r o ­
d u c in g  i n s t a b i l i t y  and s e l f - e x c i t e d  v i b r a t i o n  c h a r a c t e r i z e d  by 
c o n t i n u a l  l a t e r a l  d i s p l a c e m e n t s .  The f o r c e s  c a u s i n g  t h i s  i n s t a ­
b i l i t y  a r e  a f f e c t e d  by t h e  d e f l e c t i o n  o f  t h e  s t r u c t u r e  from  i t s  
undeform ed s t a t e .  T h is  i s  r e f e r r e d  t o  a s  f l u i d  e l a s t i c  e x c i t a ­
t i o n ,  f l u t t e r ,  o r  g a l l o p i n g .  A s tu d y  o f  f l u i d  e l a s t i c  e x c i t a t i o n s  
r e q u i r e s  t h e  c o n s i d e r a t i o n  o f  b o t h  s o l i d  and f l u i d  m o t io n s  
i n c l u d i n g  t h e i r  i n t e r a c t i v e  f o r c e s  and c o n s t r a i n t s . M a th e m a tic ­
a l l y ,  th is  p o s e s  a  more d i f f i c u l t  p ro b le m  th a n  t h e  o t h e r  f lo w -  
in d u ce d  v i b r a t i o n  p a t t e r n s  e n u m e ra te d  above .
The p u rp o se  o f  t h i s  s tu d y  i s  t o  exam ine t h e  p rob lem  o f  f l u i d  e l a s t i c  
e x c i t a t i o n  by d e v e lo p in g  a  m a th e m a t ic a l  m odel f o r  i n t e r a c t i o n  b e tw e en  an  
e l a s t i c  s o l i d  and a  f l u i d  medium u s in g  a  f i n i t e  e le m en t  a p p r o a c h .  A p r e ­
v i o u s  s tu d y  o f  t h e s e  p ro b le m s  employed t h e  s o l i d  d i s p l a c e m e n t s  and t h e  
f l u i d  p r e s s u r e  a s  t h e  o n ly  n o d a l  d e g r e e s  o f  f r e e d o m [ l l ] i n  w h ic h  t h e  f l u i d  
f i n i t e  e le m en t  was b a s e d  on t h e  d i s c r e t i z a t i o n  o f  t h e  tw o - d im e n s io n a l
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wave e q u a t i o n .  T h is  f l u i d  e le m e n t ,  r e f e r r e d  t o  a s  s i n g l e - v a r i a b l e  
p r e s s u r e  f o r m u la t io n  d o e s  n o t  p r o v id e  a  c o n v e n ie n t  means f o r  t h e  im p le ­
m e n t a t i o n  o f  b ounda ry  c o n d i t i o n s  i n v o lv i n g  v e l o c i t y  com ponen ts .  The 
o b j e c t i v e  o f  t h i s  s t u d y  i s  t o  employ t h e  s o l i d  d i s p l a c e m e n t  and t h e  f l u i d  
p r e s s u r e  and v e l o c i t y  com ponents  a s  t h e  n o d a l  d e g r e e s  o f  f re e d o m . In  
t h i s  a p p ro a c h  t h e  f l u i d  f i n i t e  e le m en t  w i l l  b e  b a s e d  on t h e  d i s c r e i z a t i o n  
o f  t h e  tw o - d im e n s io n a l  c o n t i n u i t y  and momentum e q u a t i o n s .
The d i s t i n c t i v e  f e a t u r e s  o f  t h i s  s tu d y  a r e  t h a t  i t  p r o v id e s  a  means 
f o r  t h e  im p le m e n ta t io n  o f  b o t h  p r e s s u r e  and v e l o c i t y  boundary  c o n d i t i o n s  
and  l a y s  t h e  f o u n d a t i o n  f o r  t h e  u l t i m a t e  c o u p l i n g  be tw een  a  s t r u c t u r e  
r e p r e s e n t e d  by t h e  m a t r i x  e q u a t i o n s  o f  m o t io n  and a  f lo w  f i e l d  s im u l a t e d  
by  t h e  c o n t i n u i t y  and N a v i e r - S t o k e s  e q u a t i o n s .
S p e c i f i c a l l y ,  t h i s  p a r t  p r e s e n t s  a  p l a n e  t r i a n g u l a r  f i n i t e  e le m en t  
s o l i d - f l u i d  model f o r  wave p r o p a g a t io n  phenomena i n  a tw o - d im e n s io n a l  
f lo w  f i e l d  em ploy ing  t h e  m a t r i x  p r e s s u r e - v e l o c i t y  f o r m u la t io n  f o r  t h e  
f l u i d  and  t h e  m a t r ix  d i s p l a c e m e n t  f o r m u l a t i o n  f o r  t h e  s o l i d .  T h i s  s o l i d -  
f l u i d  m odel i s  v e r i f i e d  by s o l v i n g  a  wave p r o p a g a t i o n  p rob lem  c o n s i s t i n g  
o f  w a t e r ,  be tw een  two e l a s t i c  p a r a l l e l  p l a t e s ,  i n i t i a l l y  a t  r e s t  and 
a c c e l e r a t e d  s u d d e n ly  by  a p p ly i n g  a  s t e p  p r e s s u r e  a t  one end . The r e s u ­
l t s  o b t a i n e d  a r e  com pared w i t h  p r e v i o u s  f l u i d  e l a s t i c  s t u d i e s  [ l l ]  b a s e d  
on t h e  f l u i d  f i n i t e  e le m e n t  d i s c r e t i z a t i o n  o f  t h e  tw o - d im e n s io n a l  wave 
e q u a t i o n  w i t h  a  s i n g l e - v a r i a b l e  p r e s s u r e  f o r m u l a t i o n  as  w e l l  a s  w i th  
p r e v i o u s  wave p r o p o g a t i o n  s t u d i e s  be tw een  two r i g i d  p a r a l l e l  p l a t e s  
d e s c r i b e d  i n  p a r t  o n e .
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2. MATHEMATICAL FORMULATION
The s i m p l i f y i n g  a s s u m p t io n s  employed i n  t h i s  s tu d y  a r e  as  f o l l o w s :
1) The s o l i d  con tinuum  i s  assumed t o  be  p e r f e c t l y  e l a s t i c  and t h e  
f l u i d  f lo w  i s  c o m p r e s s i b l e  and i s o t h e r m a l .
2) The s o l i d  and f l u i d  c o n t i n u a  a r e  c o n s id e r e d  t o  b e  two d i m e n s io n a l .  
The m ain  d e p e n d e n t  v a r i a b l e s  o f  t h e  s o l i d  a r e  two com ponents  o f  
d i s p l a c e m e n t  i n  x  and y d i r e c t i o n s  and t h o s e  o f  t h e  f l u i d  a r e  t h e  
p r e s s u r e  and t h e  two com ponents  o f  v e l o c i t y  i n  x and y d i r e c t i o n s .
3) The s o l i d  con tinuum  u n d e rg o e s  s m a l l  i n - p l a n e  d e f o r m a t io n s  w h i l e  
t h e  f l u i d  con tinuum  e x p e r i e n c e s  d e n s i t y  c h a n g es  o f  s m a l l  m a g n i tu d e .  
T h i s  a l lo w s  t h e  s i m p l i f i c a t i o n  o f  t h e  f lo w  momentum e q u a t i o n s  by 
t h e  weak wave a p p r o x im a t io n .
4) S t r u c t u r a l  damping i s  c o n s id e r e d  by i n t r o d u c i n g  damping m a t r i c e s  
p r o p o r t i o n a l  to  s t i f f n e s s  a n d /o r  mass m a t r i c e s .  F l u i d  f r i c t i o n  i s  
t a k e n  i n t o  a c c o u n t  by a ssum ing  t h a t  t h e  com ponents  o f  t h e  f l u i d  
s h e a r  s t r e s s  i s  p r o p o r t i o n a l  to  t h e i r  r e s p e c t i v e  v e l o c i t y  
c o m p o n e n ts .
5) The momentum f l u x  te rm s  i n  t h e  e q u a t i o n s  o f  m o t io n  i s  n e g l e c t e d .
The above  a s s u m p t io n s  p e r m i t  t h e  v e r i f i c a t i o n  o f  t h e  r e s u l t s  w i t h  
p r e v i o u s  s o l i d - f l u i d  i n t e r a c t i o n  s t u d i e s  b a s e d  on a  tw o -d im e n s io n a l  wave 
e q u a t i o n  [1 1 ] .  The f i n i t e  e le m e n t  model i s  p r e s e n t e d  i n  t h e  f o l l o w in g  
s e c t i o n s  e n t i t l e d  f l u i d  e l e m e n t ,  s o l i d  e le m e n t ,  and s o l i d - f l u i d  s u p e r ­
e le m e n t  and d e t a i l e d  f u r t h e r  i n  A p p en d ices  1 t h ro u g h  4.
F l u id  E lem en t
The f l u i d  f i n i t e  e le m e n t ,  u sed  i n  t h i s  s t u d y ,  i s  d e v e lo p e d  by
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em ploy ing  t h e  m ethod o f  w e ig h te d  r e s i d u a l s .  The tw o - d im e n s io n a l  momentum 
and c o n t i n u i t y  e q u a t i o n s  i n  t e rm s  o f  t h e  f l u i d  p r e s s u r e  and v e l o c i t y  
com ponents  a r e  d i s c r e t i z e d  on f i n i t e  e le m e n t  s u b d i v i s i o n s  o f  t h e  f l u i d  
r e g i o n ,  a s  shown i n  t h e  A ppend ices  1 and 2 , l e a d i n g  t o  t h e  f o l l o w in g  m a t r i x  d i f f ­
e r e n t i a l  e q u a t i o n  f o r  each  f l u i d  e le m e n t  shown i n  F i g . 2 .
[DJ  {Ze } +  CEel {ze } = ° (25)
where [d ] and [e ^] a r e  th e  u n sy m m etr ic  f l u i d  i n e r t i a  and f l u i d i t y
m a t r i c e s  f o r  t h e  e le m e n t ,  {Z } i s  t h e  e l e m e n ta l  a r r a y  i n v o lv i n g  n o d a le
d e g re e s  o f  f reedom  ( p r e s s u r e ,  x -com ponen t o f  v e l o c i t y ,  and y-com ponent
o f  v e l o c i t y ) ,  and {Z } i s  t h e  t im e  d e r i v a t i v e  o f  {Z }.e e
I t  s h o u ld  b e  n o te d  t h a t  t h e  p r e s s u r e - v e l o c i t y  f o r m u l a t i o n ,  employed 
ab o v e ,  p e r m i t s  t h e  i n t r o d u c t i o n  o f  n o d a l  p r e s s u r e  and  v e l o c i t y  boundary  
v a lu e s  i n t o  {Zg } ar*d ( Z } a r r a y s .  T h is  i s  i n  c o n t r a s t  w i th  t h e  p r e s s u r e  
f o r m u l a t i o n ,  b a s e d  on th e  d i s c r e t i z a t i o n  o f  t h e  tw o - d im e n s io n a l  wave 
e q u a t i o n ,  e x p r e s s e d  by [ l l ]
[Gel {Pe } + tLJ  {Pe } + W  {pe } = {Fe } <26>
i n  w hich  t h e  v e l o c i t y  b ounda ry  c o n d i t i o n s  can  b e  im plem en ted  i n d i r e c t l y  o n ly  
i f  th e y  c a n  b e  e x p re s s e d  i n  te rm s  o f  p r e s s u r e .
S o l id  E lem en t
The s o l i d  f i n i t e  e le m en t  i s  o b t a i n e d  by a p p ly i n g  t h e  p r i n c i p l e  o f  
v i r t u a l  work t o  t h e  s o l i d  [ 2 3 ,  16, 7 ] . T h is  p r o c e d u r e  y i e l d s  t h e
matrix differential equation for the nodal displacements of the solid
element shown in Fig. 13.
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S O l l D  ELEMENT
r*r\r Tn FINITE element 
P I G . 1 3  p « «  S 0 L I D
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[m ]  {U } +  [c ] {U } +  [k  ] {U } = {R  } +  { R ' }  *- e J e L e J e L e J e e e (27)
T h is  f o r m u l a t i o n  p e r m i t s  t h e  a p p l i c a t i o n  o f  b o u n d a ry  c o n d i t i o n s  t h a t  can  
be  r e p r e s e n t e d  by s p e c i f i e d  n o d a l  d i s p l a c e m e n t s .
S o l i d - F l u i d  S u p e re le m e n t
The s o l i d - f l u i d  s u p e r e l e m e n t ,  shown i n  F i g . 14, i s  c o n s t r u c t e d  by 
com bin ing  t h e  s o l i d  and f l u i d  e le m e n t  w h i l e  a t  t h e  same t im e  i n c l u d i n g  
t h e  i n t e r a c t i o n  be tw een  t h e  two e l e m e n t s .  F o r  t h e  s o l i d  p a r t ,  t h e  i n t e r ­
a c t i v e  te rm  i s  t h e  p r e s s u r e  f o r c e  a c t i n g  n o rm a l t o  t h e  moving s o l i d  
b o u n d a ry .  F o r  t h e  f l u i d  p a r t ,  t h e  i n t e r a c t i o n  i s  e x p r e s s e d  by m aking t h e  
f l u i d  n o d a l  v e l o c i t y  com ponents  e q u a l  t o  t h e  s o l i d  v e l o c i t y  com ponen ts . 
The m a t r i x  d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  s o l i d - f l u i d  s u p e r e l e m e n t ,  shown 
i n  F i g .  14 , becomes
• - * “ — r r ' r
Me 0
<
ue
> +
ce 0
<
•
Ue
► +
Ke 0 Ue
0 0 ZeL J
0 De
•
Ze 0 Ee Ze
[ S  ] « P  > r te
(28)
t o g e t h e r  w i t h  a  c o n s t r a i n t  t h a t  f o r  n o d a l  p o i n t s  on t h e  s o l i d - f l u i d  
b o u n d a ry
{v } = {u } ye ye
(29)
The b o u n d a ry  c o n d i t i o n s  a p p l i c a b l e  t o  e q u a t i o n (28) a r e  t h o s e  i n d i c a t e d  
f o r  t h e  s o l i d  and f l u i d  p a r t s .
The elemental matrices for the fluid element and the solid-fluid
superelement are non-symmetric. This precludes the application of the
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X4
SOLID X3
X3
X3
FLUID
PIG. 14 PLANE QUADRILATERAL SOLID-FLUID SUPERELEMENT
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m odal s u p e r p o s i t i o n  t e c h n i q u e  t o  t h e  n u m e r i c a l  s o l u t i o n  o f  t h e  p ro b le m . 
A d i r e c t  n u m e r i c a l  i n t e g r a t i o n  would  r e q u i r e  e x c e s s i v e  com puter memory 
and r u n n in g  t im e  f o r  t h e  s t o r a g e  and a l g e b r a i c  m a n i p u la t i o n  o f  t h e  
g l o b a l  m a t r i c e s .  For t h e s e  r e a s o n s ,  t h e  n u m e r i c a l  s o l u t i o n  i s  o b t a i n e d  
by a  c o m b in a t io n  o f  m a t r i x  d e c o m p o s i t io n ,  a n a l y t i c a l  i n t e g r a t i o n  and 
i t e r a t i v e  scheme d i s c u s s e d  i n  t h e  n e x t  s e c t i o n .
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3. NUMERICAL SOLUTION
The e l e m e n t a l  m a t r i x  e q u a t i o n ,  e q u a t i o n s  (2 5 ) ,  ( 2 7 ) , and ( 2 8 ) f o r  t h e  
f l u i d ,  s o l i d  and s o l i d - f l u i d  e le m e n ts  a r e  a l l  i n  t h e  f o l l o w i n g  g e n e r a l  
form
[M ] {X } + [C ] {X } + [K ] {X } = {F } (30)e e L e J e L e J e e
For t h e  f l u i d  e le m e n t  and t h e  f l u i d  p a r t  o f  t h e  s o l i d - f l u i d  s u p e re le m e n t  , 
t h e  c o n t r i b u t i o n  o f  [m ] i s  z e r o  a s  i n d i c a t e d  by e q u a t i o n s  (25)and (28) 
r e s p e c t i v e l y .  The n u m e r i c a l  s o l u t i o n  i s  a c h ie v e d  by b r e a k i n g  each  o f  t h e  
e l e m e n t a l  m a t r i c e s  [Mg] , [c ] and [Kg] i n t o  two s u b m a t r i c e s  —  one 
d i a g o n a l  m a t r i x  and one o f f - d i a g o n a l  m a t r i x  su ch  t h a t  e q u a t i o n  (30) can  
b e  e x p r e s s e d  by
(31)
i n  w hich  ^ 5 '  , and a r e  t h r e e  d i a g o n a l  m a t r i c e s  whose te rm se j  e j  e j
a r e  t h e  d i a g o n a l  te rm s  o f  [m^] , [c^] and [k^] r e s p e c t i v e l y  ,w h i l e  [m^] , 
[ c " ]  and [K”] a r e  o f f - d i a g o n a l  m a t r i c e s  w i t h  z e r o s  a lo n g  t h e i r  d i a g o n a l  
and o f f - d i a g o n a l  te rm s  e q u a l  t o  t h o s e  o f  [m ] , [c ] and [k ] r e s p e c ­
t i v e l y .  F u r th e r m o r e ,{ F  } r e p r e s e n t  t h e  a r r a y  o f  i n t e r a c t i v e  f o r c e s  e x e r t e de
by t h e  f l u i d  on t h e  s o l i d  i n  a d d i t i o n  to  t h e  e x t e r n a l  f o r c e s  a c t i n g  on 
t h e  s o l i d ,  i f  a ny . I t  s h o u ld  b e  n o t e d  t h a t ,  i n  c o n t r a s t  w i t h  t h e  s i n g l e ­
v a r i a b l e  p r e s s u r e  f o r m u l a t i o n  [ l l ]  w here  t h e  i n t e r a c t i o n  o f  s o l i d  on t h e  
f l u i d  a p p e a r s  a s  i n e r t i a l  f o r c e s ,  i n  t h e  m u l t i - v a r i a b l e  p r e s s u r e -  
v e l o c i t y  f o r m u l a t i o n  e q u a t i o n  (29) e x p r e s s e s  t h e  c o n s t r a i n t  imposed by 
th e  s o l i d  on t h e  f l u i d .  Em ploying t e m p o r a r i l y  t h e  p a s t  v a l u e s  o f
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{X^} and {X^} f o r  t h e  r i g h t  hand o f  e q u a t i o n (3 1 ) ,  t h i s  e q u a t i o n  becomes 
c o m p le te ly  u n c o u p le d  and th e  e l e m e n t a l  m a t r i x  e q u a t i o n  becomes
r M’ {X } + r C' {X } + ' K' (X } = {F '} (32)e j  e e j  e e_j e e
w here
(33)
r- r- r-i n  w hich t h e  d i a g o n a l  m a t r i c e s  M' , C' and K' a s  w e l l  a s  th e
eJ eJ eJ
f o r c i n g  f u n c t i o n  (F^} can  be c o n v e n i a n t l y  s t o r e d  i n  f o u r  s e p a r a t e  a r r a y s .
T h is  f e a t u r e  r e s u l t s  i n  s i g n i f i c a n t  s a v in g  i n  c o m p u ta t io n a l  s t o r a g e  and 
t im e  r e q u i r e m e n t .
A ssem bling  t h e  above e le m e n t a l  e q u a t i o n s  f o r  a l l  n  sy s te m  e le m e n ts ,  
t h e  g l o b a l  m a t r i x  d i f f e r e n t i a l  e q u a t i o n s  f o r  t h e  d i s c r e t i z e d  s o l i d - f l u i d  
c o n t in u a  i s  o b t a i n e d
E q u a t i o n (34) c o n s t i t u t e s  a s e t  o f  u n c o u p le d  second  o r d e r  d i f f e r e n t i a l
M j  (Xl + {X} + I"k 'j  {X} = {F ’ } (34)
w here
i- e=n r_ 
M' = Z M’ -J . e
r_c
-1 i e i e= l  J
e=n
{F T} = E {F '}  
e= l 0
(35)
e q u a t i o n s  w i th  t im e  v a r y i n g  f o r c i n g  f u n c t i o n  each  h a v in g  t h e  f o l l o w i n g  
form
X x + cr x + y x = f ( t )  (36)
i n  w hich  X , a and y a r e  c o n s t a n t s  r e p r e s e n t i n g  t h e  d i a g o n a l  te rm s  o f
r_ r_ r-
M'j , and K 'j  r e s p e c t i v e l y .  E q u a t io n  (36) can  be  r e a d i l y  i n t e g r a t e d
w i t h i n  e a ch  s m a l l  t im e  in c r e m e n t  At by a ssu m in g  a  l i n e a r  v a r i a t i o n  of 
f ( t )  g iv e n  by
f ( t )  = y  ( f .  + f .  . ) (37)
2 J 3 -1
i n  w hich  f .  , r e f e r s  to  t h e  v a l u e  o f  f ( t )  a t  t im e  t  and f .  r e f e r s  t o  
J - l  J
t h e  v a l u e  o f  f ( t )  a t  t im e  t+ A t t o  be d e te r m in e d  by an i t e r a t i v e  p r o c e ­
d u r e  a s  w i l l  be  d e s c r i b e d  l a t e r .
Case (1) : V a lues  o f  X , a  and y a r e  n o n z e r o .  F o r  t h i s  c a s e  w h ich  o c c u r s
f o r  s o l i d  n o d e s ,  e q u a t i o n  (36) may be w r i t t e n  a s  f o l l o w s :
x + 2 £ to x  + u) x = v  (38)n n X
w here
a: = / Y  e = - f  (39)n X 2to Xn
I f  E, <  1, t h e  undamped s o l u t i o n  i s  g iv e n  by
-  5 u> At  -z
x .  = e ( A ,  cos  a). At + A0 s i n  m. At ) H  (40)J i  d 2 d y
w here
If 5 = 1 ,  the critically damped solution is given by
w here
i -  id At -
x .  = ( A + A At ) e n  + — ^J 1 2 y
A = x .  + to ( x .  -  ~  ) (43)j - 1  n j - 1  y
I f  5 > 1 , t h e  overdamped s o l u t i o n  i s  g iv e n  by
1 2 f  (44)x .  = B . e  +  B e + —
J 1 2 y
w here
r  = oj ( -  5 + / 5  -  1 )I n  v
r  = io  ( - 5 - / 5  - 1 )2 n  v
x
Bl  =
j - 1  -  r 2 £  x j  -1  ~ ( 1 /y )  ^
r 2 r l
^ j - i  ■ r i C x j _ i  -  (f/M ) 1
B2 = (45)
r 2 r i
Case ( 2 ) :V a lu e s  o f  a  and y a r e  n o n z e ro  b u t  X = 0 .  Fo r  t h i s  c a s e  w hich  
o c c u r s  f o r  f l u i d  nodes  w i t h  v i s c o u s  e f f e c t ,  e q u a t i o n  (36) may be  i n t e g ­
r a t e d  :
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Case (3 ) :  V a lu e s  o f  a  and y a r e  z e ro  b u t  X ^ 0 . For t h i s  c a s e  w hich 
o c c u r s  f o r  f l u i d  no d es  w i th o u t  v i s c o u s  e f f e c t s ,  t h e  i n t e g r a t i o n  o f  
e q u a t i o n  (36) g i v e s
x .  = x .  - +  — At (47)
J J - 1  o
The f i r s t  and second  t im e  d e r i v a t i v e s  o f  x .  n ee d ed  f o r  t h e  c a l c u l a -
J
t i o n  o f  f ,  c a n  be  r e a d i l y  computed by a n a l y t i c a l l y  d i f f e r e n t i a t i n g  t h e
above  e x p r e s s i o n s  a s  n e c e s s a r y .  I t  s h o u ld  b e  f u r t h e r  n o t e d  t h a t  s i n c e
t h e  u p d a te d  v a l u e  o f  f  i n  f  u s e d  i n  t h e  above  e q u a t i o n  a r e  n o t  y e t
known, an  i t e r a t i v e  p r o c e d u r e  w ould  b e  n e c e s s a r y .  F i r s t ,  t h e  v a l u e s  o f
1 *1 "1f .  a r e  s e t  e q u a l  t o  f . , and t h e  f i r s t  t r i a l  v a lu e s  x .  , x .  and x .
J J - 1  J J J
a r e  c a l c u l a t e d  from  e q u a t i o n (40) , (42) , (44) , (46) and (47) , a s  t h e
c a s e  may b e .  S u b s t i t u t i n g  t h e s e  v a l u e s  i n t o  e q u a t i o n (33) , t h e  f i r s t
u p d a te d  v a l u e s  a r e  computed and u s e d  i n  e q u a t i o n (37) and i n  e x p r e s s io n s
2 *2 ”2f o r  x .  t o  c a l c u l a t e  t h e  second  t r i a l  v a l u e s  x .  , x .  and x .  . T h is  i t e r a -
J J J J
t i v e  p r o c e d u r e  i s  c o n t in u e d  u n t i l  t h e  v a l u e s  o f  x^ . c o n v e rg e  w i t h i n  a 
p r e s c r i b e d  e r r o r .
The above  combined a n a l y t i c a l  and i t e r a t i v e  s o l u t i o n  i s  r e p e a t e d  
f o r  s u c c e s s i v e  t im e  in c r e m e n ts  ( w i th  t h e  o r i g i n  o f  t im e  a t  t h e  b e g in ­
n in g  o f  e a c h  t im e  i n t e r v a l  c o n v e n i a n t l y  s e t  e q u a l  t o  z e ro )  u n t i l  t h e  
e n t i r e  p ro b le m  t im e  i s  c o v e re d .
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4 .  PRESENTATION OF RESULTS
The f i n i t e  e le m e n t  m odel d e v e lo p e d  i n  t h i s  s tu d y  ( d e s i g n a t e d  a s  
m u l t i  -  v a r i a b l e  p r e s s u r e - v e l o c i t y  f o r m u l a t i o n )  i s  v e r i f i e d  f o r  a 
tw o - d im e n s io n a l  c h a n n e l  f lo w  w i th  e l a s t i c  w a l l s  shown i n  F i g .  l5»  The 
r e s u l t s  o b t a i n e d  a r e  com pared w i th  a  p r e v i o u s  s tu d y  b a s e d  on a  f i n i t e  
e le m e n t  m odel w i t h  p r e s s u r e  c o n s id e r e d  a s  t h e  o n ly  d e p e n d e n t  v a r i a b l e  
i n  t h e  f l u i d  r e g i o n  ( r e f e r r e d  t o  a s  t h e  s i n g l e  -  v a r i a b l e  p r e s s u r e  
f o r m u l a t i o n  f1l ] . The r e s u l t s  a r e  a l s o  com pared w i th  wave p r o p a g a t io n  
s t u d i e s  be tw een  two r i g i d  p a r a l l e l  p l a t e s  d e s c r i b e d  i n  p a r t  o n e .  W ater 
i n i t i a l l y  a t  r e s t  i s  a c c e l e r a t e d  s u d d e n ly  by a p p ly i n g  a  s t e p  p r e s s u r e ,  
Pq a t  t h e  l e f t  end w h i l e  m a i n t a i n i n g  a  z e r o  p r e s s u r e  a t  t h e  r i g h t  end .
A 7 2 .  e le m e n t  g r i d  m o d e l ,  shown i n  F ig .  16 , i s  u sed  i n  t h i s  a n a l y s i s .
E le m e n ts  6 ,  15 , 24 ,  3 3 ,  4 2 ,  51 , 60 and  69 a r e  m odeled  u s in g  t h e  s o l i d -  
f l u i d  q u a d r i l a t e r a l  s u p e r e l e m e n t s .  E le m e n ts  l o c a t e d  below  and above  
t h e s e  e le m e n ts  a r e  m odeled  em ploy ing  f l u i d  and s o l i d  t r i a n g u l a r  f i n i t e  
e le m e n ts  r e s p e c t i v e l y .  Two v a l u e s  o f  f l u i d  v i s c o u s  damping a r e  
s t u d i e d :  1) I n v i s c i d  c a s e ,  k ^ = 0 . , and  2) H ig h ly  v i s c o u s  c a s e ,  
k f = 3 0 6 2 .467 s e c 1 .
The FASINT d i g i t a l  p r o g r a m ,d e s c r ib e d  i n  p a r t  3 , i s  employed to  s o l v e  
t h e  p ro b le m . R esponse  t im e  h i s t o r i e s  a r e  o b t a i n e d  n u m e r i c a l l y  f o r  t h e  
c a s e s  i n d i c a t e d  a b o v e .  T y p i c a l  n o d a l  p r e s s u r e  and  v e l o c i t y  com ponents  
f o r  t h e  f l u i d  and t h e  n o d a l  d i s p l a c e m e n t  com ponents  f o r  t h e  s o l i d  f o r  
one  p o s i t i o n  u p s t r e a m  and one p o s i t i o n  dow nstream  a r e  p l o t t e d  f o r  t h e  
p r e s e n t  s tu d y  em p loy ing  t h e  m u l t i - v a r i a b l e  p r e s s u r e - v e l o c i t y  f o rm u la ­
t i o n  and compared w i t h  two p r e v i o u s  s t u d i e s :  1) s i n g l e - v a r i a b l e
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p r e s s u r e - f o r m u l a t i o n  b a s e d  on tw o - d im e n s io n a l  wave p r o p a g a t i o n  be tw een  
e l a s t i c  w a l l s  ( s e e  F i g s . 17 and  18 ) ; and 2) m u l t i - v a r i a b l e  p r e s s u r e -  
v e l o c i t y  f o r m u l a t i o n  f o r  tw o - d im e n s io n a l  wave p r o p a g a t i o n  be tw een  r i g i d  
w a l l s  and s i m p l i f i e d  o n e - d im e n s io n a l  a n a l y t i c a l  s o l u t i o n  f o r  c h a n n e l  
f low  w i t h  r i g i d  w a l l s  ( s e e  F i g s . l 9  th ro u g h  25 ) .  The p o s i t i o n s  and
v a r i a b l e s  s e l e c t e d  f o r  p l o t t i n g  a r e  m arked on e a c h  f i g u r e  and t h e  p h y s ­
i c a l  d a t a  a r e  sum m arized i n  T a b le  3 .
To e s t a b l i s h  t h e  c o n v e rg e n c e o f  t h e  n u m e r ic a l  s o l u t i o n , t h e  m in i ­
mum p e r i o d  a s s o c i a t e d  w i th  t h e  s m a l l e s t  l e n g t h  i n c r e m e n t  i s  c a l c u l a t e d  
from
T . -  2 1T ———-m m  c
S in c e  t h e  sp e e d  o f  sound i n  t h e  s o l i d  i s  much l a r g e r  t h a n  t h a t  o f  t h e
f l u i d  and t h e  s o l i d  l e n g t h  i n c r e m e n t s  a r e  much s m a l l e r  t h a n  t h a t  o f  t h e
f l u i d ,  t h e  minimum p e r i o d  w i l l  c o r r e s p o n d  to  t h e  s o l i d  e le m e n t  w i th  t h e
s m a l l e s t  l e n g t h .  Fo r  ^m in = 0 .2 5  i n c h e s  and c = 2 . 0276x10^ i n / s e c ,  T .& m m
—6becomes e q u a l  t o  7 .75x10  s e c .E x a m in a t io n  o f  t h e  s o l i d  d i s p l a c e m e n ts  
(n o t  shown) i n d i c a t e s  t h a t  t h i s  p e r i o d  i s  in d e e d  p r e s e n t  i n  t h e  
n o d a l  t im e  h i s t o r i e s  on t h e  e le m e n ts  c l o s e  to  t h e  s o l i d  e le m e n t  w i t h  t h e  
s m a l l e s t  l e n g t h  . To a s c e r t a i n  t h e  c o n v e rg e n c e  o f  t h e  s o l u t i o n ,  t h e  
i n t e g r a t i o n  t im e  s t e p  was s e t  l e s s  t h a n  ^ g th  ° f  t h i s  minimum p e r io d  
a t  t = 1 .5  x 10 ^ s e c o n d s .  T h i s  t im e  in c re m e n t  l e d  t o  a  c o n v e rg e n t  
s o l u t i o n  f o r  a l l  c a s e s  s t u d i e d .  The c o n v e rg e n c e  o f  t h e  s o l u t i o n  was 
e s t a b l i s h e d  when d o u b l in g  t h e  t im e  i n t e r v a l  p ro d u c e d  no s i g n i f i c a n t  
change  i n  t h e  m odel t im e  h i s t o r i e s .
Figures 17 and 18 show a comparison of the multi-variable
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T a b le  3. P h y s i c a l  D a ta  f o r  t h e  E l a s t i c  W all Case
P a r a m e te r s  
F l u i d  d e n s i t y  
S o l id  d e n s i t y  
Speed o f  sound i n  f l u i d  
Speed o f  sound i n  s o l i d  
S o l i d  Young Modulus 
S o l id  P o i s s o n  R a t io  
P r e s s u r e  a t  c h a n n e l  i n l e t  
C hanne l  l e n g t h ,  L 
C hanne l  h e i g h t ,  h 
W all  t h i c k n e s s ,  w 
F l u i d  damping c o e f f i c i e n t , k :  
I n v i s c i d  
H ig h ly  v i s c o u s
B r i t i s h  U n i t  
9 .35521  x 10 5 l b f - s e c 2/ i n 4 
7 .297  x 10 4 l b f - s e c 2 / i n 4
6 .0  x 10 i n / s e c  
2 .0 2 7 6  x 10^ i n / s e c
3 0 .0  x 10 p s i  
0 .3
10 p s i a  
2 9 .4  i n
2 4 .0  i n  
0 .5  in
-10 . se c
3062 .467  s e c
SI U n i t
2 49 9 9 .7 8  N s e c  /m
7 7 9 8 .2  N s e c 2/m4
1524 .0  m /sec
515 0 .1  m /sec  
2 0 .6 8  x  107 kPa 
0 .3
6 8 9 4 8 .0  Pa 
0 .7 4 7  m 
0 .6 1 0  m 
0 .0 1 2 7  m
0 . se c -1
-1 3062 .467  se c-1
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p r e s s u r e - v e l o c i t y  f o r m u l a t i o n ,  employed i n  t h i s  s t u d y ,  w i th  s i n g l e ­
v a r i a b l e  p r e s s u r e - f o r m u l a t i o n  from  r e f e r e n c e [ l l ]  b a s e d  on t h e  tw o- 
d im e n s io n a l  wave e q u a t i o n .  The two s o l u t i o n s  a r e  g e n e r a l l y  i n  r e a s o n ­
a b l e  a g re e m e n t .  However, s i n c e  t h e  v e l o c i t y  com ponents  a r e  n o t  
among t h e  sy s te m  d e g r e e s  o f  f reedom  i n  t h e  s i n g l e - v a r i a b l e  p r e s s u r e  
f o r m u l a t i o n ,  t h e  a s s o c i a t e d  t im e  r e s p o n s e s  c a n n o t  b e  e x p e c te d  to  b e  a s  
a c c u r a t e  a s  t h e  p r e s e n t  m u l t i - v a r i a b l e  p r e s s u r e  -  v e l o c i t y  f o r m u l a t i o n .
I t  s h o u ld  b e  remembered t h a t  t h e  v e l o c i t y  t im e  r e s p o n s e s , shown 
i n  F ig ,  18 , a r e  t h e  d i s t i n c t i v e  f e a t u r e s  o f  t h e  m u l t i - v a r i a b l e  p r e s s u r e -  
v e l o c i t y  f o r m u la t io n  p r e s e n t e d  h e r e i n  s i n c e  t h e  s i n g l e - v a r i a b l e  
p r e s s u r e  f o r m u l a t i o n  can  p r o v id e  o n ly  an  e l e m e n t a l  v e l o c i t y  c a l c u l a t e d  
from  t h e  n o d a l  p r e s s u r e s .  A co m p a r iso n  b e tw e en  t h e  m u l t i - v a r i a b l e  
and s i n g l e - v a r i a b l e  v e l o c i t y  t im e  h i s t o r i e s  h a s  b e e n  made p o s s i b l e  
by a v e r a g in g  t h e  n o d a l  v e l o c i t i e s  from  t h e  m u l t i - v a r i a b l e  s tu d y  and 
com par ing  t h e  r e s u l t  w i t h  t h e  e le m e n ta l  v e l o c i t y  from  t h e  s i n g l e ­
v a r i a b l e  a p p ro a c h  w hich  show a  good a g re e m e n t .  T h is  v e r i f i c a t i o n  
p r o v i d e s  t h e  c o n f id e n c e  n e e d ed  t o  i n i t i a t e  p a r a m e t r i c  s t u d i e s  and 
to  p r e s e n t  a  d e t a i l e d  d e s c r i p t i o n  o f  t h e  s y s te m  b e h a v io r  a s  f o l l o w s .
The s o l i d  v e r t i c a l  d i s p l a c e m e n t ,  f l u i d  p r e s s u r e ,  and a x i a l  and 
t r a n s v e r s a l  f l u i d  v e l o c i t y  t im e  h i s t o r i e s  a t  t h e  c e n t e r l i n e  o f  t h e  
c h a n n e l  and a t  t h e  w a l l  a r e  p r e s e n t e d  a t  one  u p s t r e a m  and one dow nstream  
l o c a t i o n  f o r  i n v i s c i d  and  h i g h l y  v i s c o u s  c a s e s  i n  F i g s .  lg  th r o u g h  
25 . T hese  c u rv e s  a r e  r e p r e s e n t a t i v e  o f  t h e  r e s p o n s e  o f  t h e  s o l i d  and
t h e  f l u i d ,  o b t a i n e d  i n  t h i s  s t u d y ,  a t  o t h e r  l o c a t i o n s  a lo n g  t h e  c h a n n e l .  
S uper im posed  on t h e s e  c u r v e s  a r e  two r i g i d  w a l l  (no s o l i d - f l u i d  i n t e r ­
a c t i o n )  c u r v e s  f o r  c o m p a r is o n .  The f i r s t  i s  a  f i n i t e  e le m en t  s o l u t i o n
58
f o r  t h e  wave p r o p a g a t io n  p ro b le m  w i t h  r i g i d  w a l l s  u s in g  m u l t i - v a r i a b l e  
p r e s s u r e - v e l o c i t y  f o r m u l a t i o n  d e s c r i b e d  i n  p a r t  o n e .  The second  i s  t h e  a n a l y t ­
i c  s o l u t i o n  t o  t h e  o n e - d im e n s io n a l  wave e q u a t i o n  f o r  t h e  r i g i d  w a l l  p r o b l e m [ l 2 ] .
I n  F ig .  19 , t h e  p r e s s u r e  t im e  h i s t o r y  f o r  t h e  m u l t i - v a r i a b l e
p r e s s u r e - v e l o c i t y  f o r m u l a t i o n  i n  t h e  r i g i d  w a l l  c a s e  o s c i l l a t e  a b o u t  
t h e  s i m p l i f i e d  o n e - d im e n s io n a l  a n a l y t i c a l l y - c a l c u l a t e d  r e c t a n g u l a r  
wave fo rm . However, t h e  s i m p l i f i e d  o n e - d im e n s io n a l  a n a l y t i c a l  s o l u t i o n  
a l lo w s  o n ly  a x i a l  m o tio n  o r  p r e s s u r e  v a r i a t i o n  a n d ,  t h e r e f o r e ,  c a n n o t  
be  e x p e c te d  t o  b e  a c c u r a t e  f o r  a  tw o - d im e n s io n a l  f lo w  f i e l d  u n d e r  
c o n s i d e r a t i o n .  The m u l t i - v a r i a b l e  p r e s s u r e - v e l o c i t y  f o r m u la t io n  
w i t h  r i g i d  w a l l s  a l lo w s  a  tw o - d im e n s io n a l  p r e s s u r e  and v e l o c i t y  
v a r i a t i o n  and f o r  t h i s  r e a s o n ,  t h e  p r e s s u r e  r e s p o n s e  i s  more o s c i l l a t o r y .
T h is  o s c i l l a t o r y  b e h a v io r  h a s  b e e n  o b s e rv e d  by o t h e r  i n v e s t i g a t o r s  
b o th  e x p e r i m e n t a l l y  and a n a l y t i c a l l y  [ 3 ,2 2 ,9 ,2 0 ] .  F o r  th e  e l a s t i c  
w a l l  c a s e ,  t h e  p r e s s u r e  s u r g e  i n  t h e  c h a n n e l  r e s u l t s  i n  a  g r a d u a l  
d e f l e c t i o n  o f  t h e  w a l l  l e a d i n g  t o  a  r e d u c t i o n  o f  t h e  a x i a l  p r e s s u r e  
s u rg e  w h ich  i s  i n i t i a l l y  m ore p ronounced  n e a r  t h e  w a l l  t h a n  a t  t h e  
c e n t e r .  T h is  s i t u a t i o n  c r e a t e s  a  t r a n s v e r s e  f lo w ,  a s  shown i n  F i g .
20 , u n t i l  t h e  w a l l  d e f l e c t i o n  r e a c h e s  a  maximum and no lo n g e r
p e r m i t s  a  t r a n s v e r s e  f lo w  l e a d i n g  t o  a  t r a n s v e r s a l  w a te r  hammer and 
p r e s s u r e  s u r g e  a b o u t  t W c  = 2 w hich  i s  d i s t i n c t l y  opposed  t o  t h e  z e ro  
p r e s s u r e  d i p  f o r  t h e  r i g i d  w a l l  c a s e .  The t r a n s v e r s a l  p r e s s u r e  s u r g e  
o c c u r s  f i r s t  a t  t h e  w a l l  and t h e n  t r a v e l s  backw ard  t o  t h e  c e n t e r l i n e .
F o l lo w in g  t h e  t r a n s v e r s e  s u r g e  phenom enon, t h e  e l a s t i c  e n e rg y  s t o r e d  i n  
t h e  w a l l  f o r c e s  t h e  w a l l  t o  move b a c k  tow ard  i t s  i n i t i a l  p o s i t i o n  and 
r e v e r s e s  t h e  t r a n s v e r s e  f lo w  d i r e c t i o n  w i th  a  s u b s e q u e n t  g r a d u a l  p r e s s ­
u r e  r i s e  tow ard  t h e  end o f  t h e  c y c l e .  The a x i a l  f lo w ,  f o r  t h e  e l a s t i c
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FIG. 19 A COMPARISON OF PRESSURE AND DISPLACEMENT TIME
HISTORIES FOR ELASTIC AND RIGID WALL CASES WITH
INVISCID FLOW ( AT x = 6.9 IN.)
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w a l l  c a s e ,  i s  l a r g e r  th a n  t h a t  o f  t h e  r i g i d  w a l l  a s  t h e  w a l l  d e f l e c t s  
ou tw ard  and i s  s m a l l e r  a s  t h e  w a l l  moves in w a rd .  T h is  b e h a v io r  i s  
more p ronounced  n e a r  t h e  w a l l  ( e le m e n t  24 i n  F i g .  20 ) t h a n  n e a r  t h e
c h a n n e l  c e n t e r l i n e  ( e le m e n t  19 i n  F i g .  21 ) .  The same c h a r a c t e r ­
i s t i c s  a r e  o b s e r v a b l e  a t  t h e  dow nstream  p o s i t i o n  shown i n  F i g .  2 2 and 
23 •
The e f f e c t  o f  damping i s  shown i n  F i g s .  24 and 25 f o r  t h e  h i g h l y  
v i s c o u s  f lo w  c o n d i t i o n s .  I n  c o m p a r iso n  w i t h  t h e  i n v i s c i d  f lo w  c a s e ,  
t h e  p r e s s u r e ,  v e l o c i t y  and d i s p l a c e m e n t  a m p l i t u d e s  i n  t h e  h i g h l y  v i s ­
cous  f low  c a s e  a r e  lo w e r  and t h e  c u r v e s  a r e  sm oo ther  a s  e x p e c t e d .
The t r a n s v e r s e  s u r g e  i s  n o t  a s  l a r g e  and  t h e  s o l u t i o n  t e n d s  to w a rd  a 
s t e a d y - s t a t e  v a l u e  c o r r e s p o n d in g  t o  t h e  r i g i d  w a l l  c a s e  b e c a u s e  o f  
t h e  h i g h l y  v i s c o u s  f lo w  c o n d i t i o n s .
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INVISCID PLOW ( AT X =23.7 IN.)
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PIG. 24 A COMPARISON OF PRESSURE AND DISPLACEMENT TIME
HISTORIES FOR ELASTIC AND RIGID WALL CASES WITH
HIGHLY VISCOUS FLOW ( AT X  = 6.9 IN.)
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5. CONCLUSIONS
A f i n i t e  e le m en t  m odel f o r  t h e  s tu d y  o f  s o l i d - f l u i d  i n t e r a c t i o n  i s  
p r e s e n t e d .  T h is  f i n i t e  e le m e n t  m odel may b e  u s e d  t o  a n a ly z e  tw o- 
d i m e n s io n a l  s o l i d - f l u i d  i n t e r a c t i o n  p rob lem s i n v o l v i n g  complex g e o m e t r i e s  
and l o a d i n g s .  The m odel i s  b a s e d  on t h e  d i s c r e t i z a t i o n  o f  t h e  s o l i d  
e q u a t i o n  o f  m o tio n  and t h e  f l u i d  c o n t i n u i t y  and  momentum e q u a t i o n s .
I t  em ploys t h e  s o l i d  d i s p l a c e m e n t s  t o g e t h e r  w i t h  t h e  f l u i d  p r e s s u r e  and 
v e l o c i t y  com ponents  a s  t h e  n o d a l  d e g re e s  o f  f re e d o m . T h is  f a c i l i t a t e s  
t h e  im p le m e n ta t io n  o f  r e a l i s t i c  b ounda ry  c o n d i t i o n s ,  i n  c o n t r a s t  w i th  
f o r m u l a t i o n s  u s in g  s t r e a m  f u n c t i o n ,  v o r t i c i t y  and p re -s su re  a s  t h e  o n ly  
f l u i d  f i e l d  v a r i a b l e s .
The e l e m e n ta l  m a t r i c e s  a r e  u se d  d i r e c t l y  i n  t h e  n u m e r ic a l  
s o l u t i o n .  T h is  f e a t u r e  r e s u l t s  i n  a  c o n s i d e r a b l e  s a v in g  i n  com pute r  
s t o r a g e  and r u n n in g  t im e ,  i n  c o n t r a s t  w i t h  m ost schem es t h a t  t h e  
a s se m b ly  and s t o r a g e  o f  s y s te m  g l o b a l  m a t r i c e s  a r e  e s s e n t i a l  t o  t h e  
n u m e r i c a l  s o l u t i o n .
The m odel was t e s t e d  f o r  a  f lo w  c o n f i g u r a t i o n  c o n s i s t i n g  o f  w a t e r ,  
b e tw e en  two e l a s t i c  p a r a l l e l  p l a t e s ,  s u b j e c t e d  t o  a  s t e p  p r e s s u r e  a t  
one e nd . V e r i f i c a t i o n  o f  t h e  m odel was a c h ie v e d  by com paring  t h e  
r e s u l t s  w i t h  a  p r e v i o u s  s tu d y  b a s e d  on t h e  f i n i t e  e le m e n t  d i s c r e t i z a t i o n  
o f  t h e  tw o -d im e n s io n a l  wave e q u a t i o n .  F u r t h e r  co m p a r iso n  w i t h  f lo w  
b e tw e en  two r i g i d  p a r a l l e l  p l a t e s  d e m o n s t ra te d  t h e  dev e lo p m en t o f  a  
t r a n s v e r s a l  w a te r  hammer phenomenon and p r e s s u r e  s u r g e  c a u se d  by t h e  
w a l l  d e f o r m a t io n  and t h e  f l u i d  t r a n s v e r s a l  f lo w .  T h is  t r a n s v e r s a l
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w a te r  hammer h a s  a  s u b s t a n t i a l  e f f e c t  on t h e  r e s p o n s e  c h a r a c t e r i s t i c s  
and may h a v e  i m p o r ta n t  i m p l i c a t i o n s  i n  t h e  d e s ig n  o f  f l u i d  s y s te m s .  
P a r a m e t r i c  s t u d i e s  , c o n d u c te d  t o  o b s e rv e  t h e  e f f e c t  o f  f l u i d  
dam ping , d e m o n s t r a te d  t h a t  damping c a n  e f f e c t i v e l y  r e d u c e  t h e  a m p l i tu d e  
o f  t h e  p r e s s u r e  s u r g e  c a u se d  by  t h e  t r a n s v e r s a l  w a t e r  hammer.
NOMENCLATURE
F i n i t e  e le m en t  a r e a
I n t e g r a t i o n  c o n s t a n t s  d e f i n e d  i n  t h e  t e x t
Q u a n t i t i e s  d e f i n e d  by e q u a t i o n s  (A-5)
S t r a i n - D i s p l a c e m e n t  m a t r ix
Speed o f  sound i n  co n tin u u m  u n d e r  c o n s i d e r a t i o n  
Damping o r  e q u i v a l e n t  damping m a t r ix  d e p e n d in g  upon 
s u p e r s c r i p t
D ia g o n a l  m a t r ix  w i t h  d i a g o n a l  te rm s  e q u a l  to  d i a g o n a l  
te rm s  o f  [c]
O f f - d i a g o n a l  m a t r i x  w i t h  o f f - d i a g o n a l  te rm s  e q u a l  to  
o f f - d i a g o n a l  te rm s  o f  [c] and z e ro s  a lo n g  t h e  d i a g o n a l  
I n e r t i a  m a t r i x  i n  f l u i d  m u l t i - v a r i a b l e  p r e s s u r e - v e l o c i t y  
f o r m u la t io n
D ia g o n a l  m a t r ix  w i t h  d i a g o n a l  te rm s  e q u a l  to  d i a g o n a l  
t e rm s  o f  [d]
O f f - d i a g o n a l  m a t r i x  w i t h  o f f - d i a g o n a l  t e rm s  e q u a l  t o  
o f f - d i a g o n a l  te rm s  o f  [d] and  z e ro s  a lo n g  t h e  d i a g o n a l  
E lem ent in d e x  number
F l u i d i t y  m a t r ix  i n  f l u i d  m u l t i - v a r i a b l e  p r e s s u r e - v e l o c i t y  
f o r m u l a t i o n
D ia g o n a l  m a t r ix  w i t h  d i a g o n a l  te rm s  e q u a l  t o  d i a g o n a l  
t e rm s  o f  |Ej
O f f - d i a g o n a l  m a t r i x  w i t h  o f f - d i a g o n a l  te rm s  e q u a l  t o  
o f f - d i a g o n a l  te rm s  o f  [e ] and z e r o s  a lo n g  t h e  d i a g o n a l
Y o u n g 's  modulus
Boundary i n t e g r a l  a r r a y  i n  f l u i d  s i n g l e - v a r i a b l e  p r e s s u r e  
f o r m u l a t i o n
F o r c in g  f u n c t i o n  a r r a y  d e f i n e d  by e q u a t i o n s  ( 1 5 ) , ( 1 7 ) ,  
(33) o r  (35) d e p e n d in g  upon s u b s c r i p t  and s u p e r s c r i p t  
I n d i v i d u a l  te rm s  o f  {F1 }
I n e r t i a  m a t r ix  i n  f l u i d  s i n g l e - v a r i a b l e  p r e s s u r e  
f o r m u l a t i o n
C hannel h e i g h t
aI
C o n s ta n t  v a lu e  o f  h u se d  i n  e q s .(D -r l3 )  and (D-15)
F l u i d i t y  m a t r ix  i n  f l u i d  s i n g l e - v a r i a b l e  p r e s s u r e
f o r m u la t io n
Node number
I d e n t i t y  m a t r ix
I n t e g r a l s  d e f in e d  by e q s . ( B - 8) and ( B - l l )
V is c o u s  o r  damping p a r a m e te r
= p /o  i n  e q u a t i o n  (19)
Terms o f  s t i f f n e s s  m a t r i x  [k]
S t i f f n e s s  o r  e q u i v a l e n t  s t i f f n e s s  m a t r ix  d e p e n d in g  upon 
s u p e r s c r i p t
D ia g o n a l  m a t r ix  w i th  d i a g o n a l  te rm s  e q u a l  t o  d i a g o n a l  
te rm s  o f  [k]
O f f - d i a g o n a l  m a t r i x  w i t h  o f f - d i a g o n a l  te rm s  e q u a l  to  
o f f - d i a g o n a l  te rm s  o f  [k] and z e ro s  a lo n g  t h e  d i a g o n a l  
C hannel l e n g t h
V is c o u s  damping m a t r i x  i n  f l u i d  s i n g l e - v a r i a b l e  p r e s s u r e  
f o r m u l a t i o n
S m a l l e s t  l e n g t h  in c r e m e n t  
S lo p e  o f  s o l i d - f l u i d  b o u n d a ry
Mass o r  e q u i v a l e n t  mass m a t r i x  d e p e n d in g  upon s u p e r s c r i p t  
D ia g o n a l  m a t r ix  w i t h  d i a g o n a l  te rm s  e q u a l  t o  d i a g o n a l  
te rm s  o f  [m]
O f f - d i a g o n a l  m a t r i x  w i t h  o f f - d i a g o n a l  te rm s  e q u a l  to  
o f f - d i a g o n a l  te rm s  o f  [m] and z e ro s  a lo n g  t h e  d i a g o n a l
E lem en t shape  f u n c t i o n  d e f i n e d  by e q u a t i o n s  ( A - 4 ) , (A - 5 ) , 
(C- 2) and (C-3  )
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n Maximum number o f  e le m e n ts
p F l u i d  p r e s s u r e
Pg F l u i d  p r e s s u r e  a t  c h a n n e l  e n t r a n c e
{ p } E le m e n ta l  a r r a y  o f  n o d a l  p r e s s u r e s
{R} E le m e n ta l  a r r a y  o f  l o a d s  on t h e  s o l i d  due to  f l u i d  p r e s s u r e
{ R '} E le m e n ta l  o r  g l o b a l  a r r a y  o f  a p p l i e d  n o d a l  l o a d s
T ^>r 2 C h a r a c t e r i s t i c  r o o t s  d e f i n e d  by  e q u a t i o n s  (45)
S S o l i d - f l u i d  boundary
. Terms o f  c o u p l in g  m a t r ix  [s ]
[s j S o l i d - f l u i d  c o u p l in g  m a t r i x  d e f i n e d  by e q . ( D - l l )
[r ] , [s] , [t ] M a t r i c e s  d e f i n e d  by e q u a t i o n s ( A - 1 3 ) , (A-14) and (A-15)
w i th  te rm s  R . . , S . .  and T . . ,  r e s p e c t i v e l y  
i ]  i ]  i J
T . Minimum p e r i o d  a s s o c i a t e d  w i t h  s m a l l e s t  l e n g t h  in c r e m e n tmm
t  Time
U A rra y  o f  e l e m e n t a l  f reedom  f o r  t h e  s o l i d  ( x and y
com ponents  o f  d i s p l a c e m e n t s  )
u , u  S o l i d  d i s p l a c e m e n ts  i n  x and y d i r e c t i o n s  r e s p e c t i v e l y
x y
v ,v  F l u i d  v e l o c i t y  com ponents  i n  x  and y d i r e c t i o n s  r e s p e c t i v e l yx y
w C hanne l  w a l l  t h i c k n e s s
W Work
x , y  C a r t e s i a n  c o o r d i n a t e  s y s te m
x T, y '  C a r t e s i a n  c o o r d i n a t e  s y s te m  p a s s i n g  th ro u g h  t h e  c e n t r o i d
x , x^ A b s c i s s a  o f  f i r s t  and l a s t  node  o f  s o l i d - f l u i d  b o u n d a ry ,
r e s p e c t i v e l y
(X) A r ra y  o f  e l e m e n t a l  o r  g l o b a l  f reed o m s ( x -com ponen t  o f
s o l i d  d i s p l a c e m e n t ,  y -com ponen t  o f  s o l i d  d i s p l a c e m e n t ,  
f l u i d  p r e s s u r e ,  x -com ponen t o f  f l u i d  v e l o c i t y  and 
y -com ponen t  o f  f l u i d  v e l o c i t y  ) 
x ^ ,X 2 ,x ^  A b s c i s s a  o f  no d es  1 ,2 ,3  r e s p e c t i v e l y
x I n d i v i d u a l  te rm s  o f  X
y ,y^  O r d i n a t e  o f  f i r s t  and l a s t  no d es  o f  s o l i d - f l u i d  bo u n d a ry
^1*^2*^3 O r d i n a t e s  o f  no d es  1 ,2 ,3  r e s p e c t i v e l y
{Z} A r ra y  o f  e l e m e n t a l  o r  g l o b a l  f re e d o m s  f o r  t h e  f l u i d
( f l u i d  p r e s s u r e ,  x - c o m p o n e n t  o f  f l u i d  v e l c i t y  
a n d  y - c o m p o n e n t  o f  f l u i d  v e l o c i t y  )
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z N odal f r e e d o m s ( p r e s s u r e ,x - c o m p o n e n t  o f  v e l o c i t y  o r  y -
component o f  v e l o c i t y )
G reek  Symbols
C o e f f i c i e n t s  u s e d  i n  e q u a t i o n s  ( A - l ) , (A-2) and (C-14) 
f o r  f i n i t e  e le m e n t  d i s c r e t i z a t i o n  
Angle  o f  s o l i d - f l u i d  b ounda ry  w i t h  x - a x i s  
V i r t u a l  d i s p l a c e m e n t  
Time in c re m e n t
S t r e s s - s t r a i n  m a t r ix
a a  a
i ’ j ’ k
a
6
At
X
M
5
v
P
n
S u p e r s c r i p t s
• 9 **
1 , 2
T
S u b s c r i p t s
c
e
f
i
j
j -1
r _
I n d i v i d u a l  te rm s  o f
r_  r_
I n d i v i d u a l  te rm s  o f  o r  , w h ic h e v e r  a p p l i e s
Pseudo damping r a t i o  d e f i n e d  by e q u a t i o n  (39)
P o i s s o n ' s  r a t i o  f o r  s o l i d
Continuum  d e n s i t y  d e p e n d in g  upon s u b s c r i p t
r_ r_
I n d i v i d u a l  te rm s  o f  C^ o r  , w h ic h e v e r  a p p l i e s '
Time w i t h i n  t h e  i n t e r v a l  t  and  t+A t
Pseudo n a t u r a l  f r e q u e n c y  d e f i n e d  by e q u a t i o n  (39)
Pseudo damped n a t u r a l  f r e q u e n c y  d e f i n e d  by e q u a t i o n  (41)
F i r s t  and se co n d  t im e  d e r i v a t i v e s
F i r s t  and second  t r i a l  v a l u e s
M a tr ix  t r a n s p o s e
G lo b a l  m a t r i c e s  and a r r a y s  
S o l i d - f l u i d  bo u n d a ry
R e fe r s  to  t h e  c e n t r o i d  of t h e  t r i a n g u l a r  e le m en t  
E le m e n ta l  m a t r i c e s  and a r r a y s  ( w i t h o u t  e r e f e r s  to  
g l o b a l  m a t r i c e s  and a r r a y s  )
F lu id
Node number 
U pdated  t im e  
P r e s e n t  t im e
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N Normal
s E n tro p y  c o n s t a n t  o r  s o l i d
T T a n g e n t i a l
o P a s t  v a lu e s
x x - d i r e c t i o n
y y - d i r e c t i o n
O p e r a to r s
d V i r t u a l
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APPENDIX 1 -  DERIVATION OF THE FLUID FINITE ELEMENT EQUATIONS
A p la n e  t r i a n g u l a r  f l u i d  f i n i t e  e le m e n t ,  shown i n  F i g u r e  2 > is  u sed  
a s  t h e  b a s i s  f o r  t h e  f l u i d  f i n i t e  e le m e n t  f o r m u l a t i o n .  I t  i s  assum ed t h a t  
t h e  f l u i d  p r e s s u r e  and v e l o c i t y  com ponents  a t  any p o i n t  i n  t h e  
t r i a n g u l a r  f l u i d  e le m e n t  may be  e x p r e s s e d  a s  l i n e a r  p o ly n o m ia l s  i n  x 
and y :
i n  w hich  th e  c o e f f i c i e n t s  a  a r e  f u n c t i o n s  o f  t im e .  Em ploying t h e  above 
e q u a t i o n s ,  i t  i s  shown i n  Appendix 2 t h a t
p = a  + a 2x + a^y
v  = a .  + a r x + a , y  x 4 5 6 J
vy = a? + ctgX + a 9y (A - l)
o r  g e n e r a l l y
z = a .  + a . x  + a, yi  j  k J (A-2)
i n  w hich  t h e  s h a p e  f u n c t i o n  | n^J i s  g iv e n  by
l» f ]  ■ L»f l  »£2 » £3 ]
(A-3)
(A-4)
w here
i  = 1 , 2 ,  3
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a l  = X2y 3 "  X3y 2 b I = y 2 "  y 3 C1 = x 3 -  x 2
a 2 = x 3y l  ‘  Xl y 3 b 2 = y 3 "  y l  C2 = X1 ‘  x 3
a 3 = x l y 2 "  X2y l  b 3 = y l  “ y2 C3 = X2 ‘  X1 (A_5)
and i s  t h e  a r e a  o f  t h e  t r i a n g u l a r  f l u i d  e le m en t
Af  = (a^  +  a 2 + a ^ ) / 2 (A-6)
Em ploying t h e  G a le r k in  m ethod o f  w e ig h te d  r e s i d u a l s ,  e q u a t i o n s  ( 5 ) ,  ( 6) ,  
and (7) become
T i ~ 3v 3v
; / a W  (“ n  +  p f (^ T  + s / )}  dx dy = 0 (A_7)c
+ 4  I f  + V * 1 dx  dy ■ 0 (A‘ 8)
T 9vv  1 an
" a W  + r f  i f + k£vy} dx dy " 0 <A_9)
S u b s t i t u t i n g  e q .  (A-3) i n t o  e q s .  ( A - 7 ) , (A-8) and ( A - 9 ) , one  o b t a i n s
1 T T 3 W
f f A ~  ^  ^ {Pe } dx  dy + / / A p f [ NfJ ~ t o T  {vx e } dx dyc
1T ^
+ f f A Pf l.Nf] - ^ T  {vye} dx dy = ° (A_10)
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3[H,
K 1 {V } dx dy + ,! k ^ t Nf) “ST" {pe} dxdy
+ I I A  k f [Xf ] T [»£] {vx e > dx  dy  = 0 ( A - l l )
dx  dy + !1 & p^CNf ] T “ ^ r - {pe } dx dy
+ IIA kf |H£ | T LNf] <vye} dx  dy -  0 (A -12)
The above  e q u a t i o n s  i n v o lv e  c a l c u l a t i o n  o f  t h e  f o l l o w i n g  t h r e e  t y p e s  o f  
m a t r i c e s
lRl = / / A N^f ^ T W  dx dy (A -13)
T 9 M
i . S ]  = / / a N^J  " 3 ~  dx dy (A -14)
T 3 Tn/J
[T] = " A ^ f ) 1 7 ““  dx dy (A_15)
P e r fo rm in g  t h e  i n t e g r a t i o n ,  a s  shown i n  A ppendix  2 ,  one  o b t a i n s
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[R] = 12
1
2
1
(A -16)
l>] = 6 (A -17)
IXI = 6 (A-18)
S u b s t i t u t i n g  e q u a t i o n s  (A-16) t h ro u g h  (A-18) i n t o  e q u a t i o n s  (A-10) 
th ro u g h  ( A - 1 2 ) , com b in ing  th e  r e s u l t i n g  e q u a t i o n s  i n t o  one m a t r i x  
e q u a t i o n  a f t e r  d i v i d i n g  th e  p r e s s u r e  e q u a t i o n  by and m u l t i p l y i n g  
t h e  v e l o c i t y  e q u a t i o n s  by , one o b t a i n s
o g {z }e + {Ze } = (A-19)
w here
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{ Z } e
x l
V  
h
<
vy 2
x3
v
y3
vx l
v
{ z e > " <
y l
x 2
y 2
v x3
v
y3
(A-20)
[ D j  -
,  26c p.
2
12c p,
1 2c2p
0 0
12
0 0
12
0 0
1
1 2 c2 pf
0 0
, 26c p.
0 0
2
12c p
0 0
12
0 0
12
0 0
0 0
12
0 0
1 2c2 Pf
0 0
12
0 0 1
1 2c2 pf
0 0
0 0 , 2 6c  p f
0 0
12
0 0
12
0 0
12
0 0
0 0
Pf
12
0 0
Pf
12
0 0
P f
P_f 
6 '
(A-21)
b i  Pf k f Af  
6 6
b2 pf k f Af
12
b 3 Pf k f Af
12
b l  pf k f Af
12
b2 Pf k f Af b 3 Pf k f Af
12
b l  Pf kf Af
12
b2 Pf k f Af
12
b 3 Pf k f Af
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Pf k f Af pf k f Af
12
Pf k f Af
12
pf k f Af  c2
12
Pf k f Af P f k f A f
12
pf k f Af
12
Pf  k f Af 
12
pf  k f  Af
(A-22)
80
APPENDIX 2 -  DEVELOPMENT OF FLUID SHAPE FUNCTION AND MATRICES
As s t a t e d  e a r l i e r ,  t h e  f l u i d  p r e s s u r e  and v e l o c i t y  com ponents  a t  
any p o i n t  i n  t r i a n g u l a r  f l u i d  e le m e n t  a r e  g iv e n  by e q u a t i o n  ( A - 2 ) . 
E x p r e s s in g  t h i s  e q u a t i o n  f o r  p o i n t s  1 , 2 ,  and 3 i n  F i g .  2 , and e l i m i n a ­
t i n g  ou , a_., and among t h e  r e s u l t i n g  e q u a t i o n s  y i e l d s
w here
Ui  2A„ z 2 X2 y 2
z 3 X3 y 3
“ j  2A,
“ k  2A,
(B— 1)
Af  2
x ,
x .
= (A rea o f  t r i a n g l e  123)
(B-2)
S u b s t i t u t i n g  t h e  v a l u e s  o f  a . ,  a . ,  and a  i n t o  e q u a t i o n  (A-2) andi  j  k
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f a c t o r i n g  n o d a l{ z } a r r a y  g i v e s
{z}= 2^ -  [ ( a ^  b^x  + c^y) ( a 2+ b 2x + c 2y) ( a 3+ b 3x + c 3y ) ] ^ z
'1
" 2
(B-3)
w here  a , b ^ ,  c^  and a r e  d e f i n e d  i n  A ppendix  1. A co m p a r iso n  o f  t h e  
above  e q u a t i o n  w i th  e q u a t i o n  (A-3) y i e l d s  t h e  sh a p e  f u n c t i o n  g iv e n  by 
e q u a t i o n  ( A - 4 ) . S u b s t i t u t i n g  t h e  sh a p e  f u n c t i o n  i n t o  e q u a t i o n  (A-13) 
th ro u g h  (A-15) y i e l d s
2(aj+b^x+c^y) (a^+b^x+c^y)(a2+b2x+c2y) (a^+b^x+c^y)(a3+b3x+c3y)
2
[Rj = - V /
4A'r J k ^a 2+ b2X+C2y ^
Symmetric
( a 2+b2x + c2y ) ( a 3+b3x+ c3y) 
2
( a 3+b3x+c3y)
[S] = f f
4A2 A
(B-4)
b (a  +b x *  y) b 2 ( a 1+b1x + c 1y) b 3 ( a 1+ b 1x + c1y)
bl (a2+b2X+C2y) b2(a2+b2X+C2y) V a2+V +C2y)
b], (a 3+b3x+ c 3y) b2 (a 3+b3x+c3y) b3 (a 3+b3x+c3y)
dx dy
(B -5)
M  ’ - ^ 2
4A'
c 1 (a 1+b1x + c 1y) c 2 (a 1+b1x + c1y) c 3 ( a ^ b ^ + C jy )
c ^ (a 2+b2x+ c2y) c 2 (a 2+b2x+c2y) c , ( a 2+b2x+c2y)
Cl^ a3+b3X+C3y  ^ C2 ( a3+b3x+c 3y) c 3 (a 3+b 3x+c3y)
dx dy
(B-6)
dx dy
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To d e te r m in e  t h e  f l u i d  m a t r i c e s  R, S, and T, tw e n ty  se v e n  i n t e g r a t i o n s  
i n d i c a t e d  by e q u a t i o n s  ( B - 4 ) , (B-5) and (B -6) s h o u ld  be p e r fo rm e d .  To 
d e m o n s t r a t e  t h i s  l e n g h t y  p r o c e s s ,  i t  s u f f i c e s  h e r e  to  show t h e  p ro c e d u re  
in v o lv e d  i n  t h e  e v a l u a t i o n  o f  and T ^  g iv e n  by
R11 “  “ 2 " a  (a l  + V  + Cl y) dx dy
f
S11 '  772 ! r k  V ai + V  + ciy) dx dy4A^
Tl t  = —~  S ! k  c 1 ( a 1 + b jX  +  c^y) dx dy (B-7)
4Af
The i n t e g r a t i o n  o f  t h e  above  te rm s  in v o lv e  t h e  c a l c u l a t i o n  o f  t h e  
f o l l o w in g  i n t e g r a l s
1  ^ = I I  k  dx dy I 2 = I I  k  x  dx dy = 11^ x 2 dx dy
I 4 = I I k  y dx dy I 5 = I I A  y 2dx dy I & = I I  k  xy dx dy
(B -8)
P e r fo rm in g  t r a n s f o r m a t i o n  o f  c o o r d i n a t e s ,  i n v o lv i n g  a  p u re  t r a n s l a ­
t i o n ,  from  p o i n t  ( 0 , 0) t o  t h e  c e n t r o i d  o f  t h e  t r i a n g l e  (x c >yc ) such  
t h a t
!
x = x +  y
y = y + y n  (B-9)
w here
The above  i n t e g r a l s  a r e  c a l c u l a t e d  a s  f o l l o w s  by n o t i n g  t h a t  t h e  f i r s t  
moment w i t h  r e s p e c t  t o  t h e  c e n t r o i d  v a n i s h e s .
I ,  = I f .  dx dy = I I .  dx dy = A,.
1  A  A  J  f
f t »
I„  = / / x  dx dy = I f .  ( x + x ) dx dy = x A2 A A c c f
A2 ' 2 1 ' f  2 2 2 1 9
dx dy = x + x c ) dx dy = y j  (x^ + x 2 + x^ ) +  y  x £Af
14 ■ " e ?  d* -  yc Af
A
2 f  2 2 2 3 21 5 -  / / Ay dx  dy o —  ( y j  + y2 + y3 ) +  j  y c Af
Af 3
*6 = / / Axy dK dy = 12  ( Xl y l + X2y 2+ x 3y 3} +  4 XcYcAf  (B_11)
Em ploying t h e  above i n t e g r a l s ,  e x p r e s s i o n s  f o r  S ^  r e d u c e s  to
Su '  772 (alblAf+ bK Af+ bl Cl V "  S T  < al + blxc + V c  > (B~12)4Af  f
S u b s t i t u t i n g  f o r  a ^ , b ^ ,  c ^ ,  x^ and y^ from  e q u a t i o n s  (A-5) and ( B - 1 0 ) , 
one  o b t a i n s
b . x + x + x
S11 * 4A j [ < V 3  -  X3y2)+  (y2 -  y 3> (-----------3-----------  >
y , + y 2 + y3
+ (x 3 -  y 2 ) (-----------3-------------)]
CB—13)
Upon f u r t h e r  s i m p l i f i c a t i o n
S i m i l a r l y ,  i t  c an  be  shown t h a t
h i  ■ r  (B- 13)
P ro c e e d in g  i n  a  s i m i l a r  m anner, t h e  e x p r e s s i o n  f o r  becomes
2 2 2 2  
RH  = ( a 2/4Af ) +  (b 2 /16Af ) + x 2 +  x 3) + 3 x J
+ (c* /1 6 A f ) [ i ( y £ + +  y j )  + 3 y ' ]  +
+ ( b 1c 1/ 8Af ) [■j(x1y 1 + x 2y 2 + x 3y 3 ) +  3xc y J  + a.[c 1y c /2Af
(B-16)
S u b s t i t u t i n g  f o r  a ^ ,  b ^ ,  c ^ ,  x , and  y^ from  e q u a t i o n  (A-5) and (B-10) 
one o b t a i n s
R f l  = y 2A ( 6a 2 + 6a 2 4- 1 2 a ^ a ^  +  1 2 a j a 3 +  12a2a 3) (B-17)
Upon f u r t h e r  s i m p l i f i c a t i o n
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APPENDIX 3 -  DERIVATION OF SOLID FINITE ELEMENT EQUATIONS
The s o l i d  f i n i t e  e le m e n t  u se d  i n  t h i s  s t u d y  i s  d e v e lo p e d  b a s e d  on 
t h e  m ethod o f  v i r t u a l  w o rk .  T h is  method e q u a t e s  t h e  work and change  i n  
s t r a i n  e n e rg y  i n  a s y s te m  g e n e r a t e d  d u r in g  a v i r t u a l  d i s p l a c e m e n t .
T h is  p r o c e d u r e  i s  w e l l  known and  h a s  been  docum ented  [ 1 6 , 2 3 , 1 5 , 4 , 2 1 ] .
A p l a n e  t r i a n g u l a r  s o l i d  f i n i t e  e le m e n t ,  a s  shown i n  F ig .  1 3 ,  i s  
u s e d  a s  t h e  b a s i s  f o r  t h e  s o l i d  f i n i t e  e le m e n t  f o r m u l a t i o n .  I t  i s  assum ed 
t h a t  t h e  d i s p la c e m e n t  com ponents  a t  any p o i n t  i n  t h e  t r i a n g u l a r  s o l i d  e l e ­
m en t ,  u and u , may b e  e x p r e s s e d  a s  a p o ly n o m ia l  i n  x and y .  In  t h i s  c a se  x y
UX = “ 10 +  a l l x + 0112 y uy = a 13 +  a 14 x + a 15 y (c_1)
Em ploying  th e  above e q u a t i o n s  i n  t h e  same f a s h i o n  as  t h e  p r e s s u r e  and v e l o ­
c i t y  com ponents  i n  t h e  f l u i d  f i n i t e  e le m e n t ,  i t  can  b e  shown t h a t
"u
X
< , = [N ] {u } = s e
N is i 0 N  9s 2 0 N » s3 0
u
V y .
0 N 1 s i 0 N s 2 0 N „ s3
(C-2)
w here  {u } i s  t h e  a r r a y  o f  t im e -d e p e n d e n t  n o d a l  d i s p l a c e m e n ts  and [N ]6 s
i s  t h e  s o l i d  sh a p e  f u n c t i o n  g iv e n  by
N . = ( a .  +  b .  x  + c .  y ) i  = 1 , 2 , 3  (C-3)s i  2A x i  ls
i n  w h ich  a l l  t h e  te rm s  a r e  d e f i n e d  as  f o r  t h e  f l u i d  e le m e n t  i n  A ppendix  1 .  
Ag i s  t h e  a r e a  o f  t h e  t r i a n g u l a r  s o l i d  e le m e n t .
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A = ( a +  a  + a  ) /2  (C-4)
S -L 2 . j
The r e l a t i o n s h i p  i n  e q . ( C - 2 )  i s  u s e d  i n  c o n j u n c t i o n  w i th  t h e  p r i n c i p l e  
o f  v i r t u a l  work and  t h e  t h e o r y  o f  e l a s t i c i t y  t o  y i e l d  t h e  m a t r i x  d i f f e r e n ­
t i a l  e q u a t io n  f o r  t h e  n o d a l  d i s p l a c e m e n t s  o f  t h e  s o l i d  f i n i t e  e le m e n t .
The d i s c r e t i z a t i o n  p r o c e d u r e  i s  w e l l  docum ented  | 1 6 ,2 3 ,1 5 ,7 ,1 8  ] and y i e l d s
[mJ  { in  + [ce] {ue> + [Ke] (Ue) = {r;> (c-5)
w here
S o l id  mass m a t r i x  [m ] = f f  [n J p [n ] dA
6 A S S S
S o l id  damping m a t r i x  [C ] = k [m J (C—6)
0 S 6
m
S o l i d  s t i f f n e s s  m a t r i x  [k  ] = f f .  [b] [a] [bJ dA
{R? ) i s  t h e  e x t e r n a l  f o r c i n g  f u n c t i o n  a c t i n g  on t h e  s o l i d ,  p i s  d e n s i t y  
e s
o f  t h e  s o l i d , [c ] i s  t h e  p r o p o r t i o n a l  damping m a t r i x  r e l a t e d  t o  t h e  
mass m a t r ix  by t h e  damping p a ra m a te r  k g  ^ , m a t r i x  [b] i s  t h e  
s t r a i n - d i s p l a c e m e n t  m a t r i x  and [a] i s  t h e  e l a s t i c i t y  m a t r i x .  The 
b o u n d a ry  c o n d i t i o n s  w hich  may be  a p p l i e d  to  e q .  (C-5) a r e  s p e c i f i e d  n o d a l  
d i s p l a c e m e n t s .
1
The damping m a t r i c e s  u se d  th ro u g h o u t  t h i s  s tu d y  a r e  p r o p o r t i o n a l  to  
mass m a t r ix  o n l y .
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The m ass and damping m a t r i c e s  may b e  e v a lu a t e d  by d i r e c t l y  s u b s t i t u t i n g  
i n  t h e  s o l i d  s h a p e  f u n c t i o n  ( e q . ( C  -2  ) and (C -3  ) ) i n t o  e q s . ( C - 6) and p e r ­
fo rm ing  t h e  r e q u i r e d  i n t e g r a t i o n .  T h is  y i e l d s  t h e  c o n s i s t e n t  mass m a t r i x [15]
l > J  ■
P A s s
% 0 % 0 k 0
0 k 0 % 0 k
h 0 k 0 k 0
0 k 0 k 0 is
h 0 is 0 k 0
0 Is 0 k 0 k
(C-7)
Two t y p e s  o f  mass m a t r i c e s  may be em ployed . The f i r s t  i s  t h e  
c o n s i s t e n t  mass m a t r ix  g iv e n  a b o v e .  I t  i s  c a l l e d  c o n s i s t e n t  b e c a u s e  i t  
r e s u l t s  d i r e c t l y  from  t h e  f i n i t e  e le m e n t  f o r m u l a t i o n .  The second  i s  t h e  
lumped m ass m a t r i x .  I n  e a r l i e r  s o l u t i o n s  o f  s t r u c t u r a l  dynam ics 
p ro b le m s ,  t h e  mass o f  t h e  e le m e n t  was a r b i t r a r i l y  lumped o r  c o n c e n t r a t e d  
a t  t h e  n o d e s .  T h is  r e s u l t s  i n  a  mass m a t r ix  o f  t h e  form  [ l 5 ]
(C -8)
i n  w hich  [ i g ] i s  t h e  6 x 6 i d e n t i t y  m a t r i x .  The c o n s i s t e n t  mass m a t r i x
i s  more a p p e a l i n g  from t h e  p o i n t  o f  v iew  t h a t  i t  i s  a  d i r e c t  p r o d u c t  o f  t h e
m a th e m a t ic a l  f o r m u la t io n .  I t  h a s  a l s o  been  o b s e rv e d  t h a t  t h e  o f f - d i a g o n a l
te rm s  i n  t h e  c o n s i s t e n t  mass m a t r i x  p ro d u c e  s u f f i c i e n t  n u m e r ic a l  n o i s e  t o
o b s c u re  t h e  a c t u a l  r e s u l t s [ ] 5 ] l t  h a s  b e e n  d e m o n s t ra te d  t h a t  f o r  a g iv e n
number o f  d e g r e e s  o f  f r e e d o m , th e  lum ped-m ass r e p r e s e n t a t i o n  i s  l e s s  a c c u r a t e
th a n  t h e  c o n s i s t e n t  m ass; how ever ,  i n  many p r a c t i c a l  a p p l i c a t i o n s
i t  i s  s t i l l  p r e f e r a b l e  to  u s e  t h e  lum ped-m ass m a t r i c e s  b e c a u s e
o f  t h e  s i g n i f i c a n t  c o m p u ta t io n a l  a d v a n ta g e  d e r i v e d  from  t h e  f a c t  t h a t
such  m a t r i c e s  a r e  d ia g o n a l [2 3 ]  • Fo r  t h e s e  r e a s o n s , lu m p e d  mass mass m a t r i c e s  have
been  u se d  th r o u g h o u t  t h i s  s t u d y .
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The s t i f f n e s s  m a t r i x  f o r  t h e  p l a n e  t r i a n g u l a r  l i n e a r  f i n i t e  e le m en t  
i s  a  6 x 6 sy m m e tr ic  m a t r i x  a s  f o l l o w s  [ l5 " | .
W -
4 A (1 -  v ) s
i n  w hich  
k 11
1 + v
, 2 , 1 -  v 2 
 = b l  + — 2—  C1
"12 b l  °1 k21
k 13 = b l  b 2 +
k 14 = V b l  C2 +
k 15 = b l  b 3 +
k 16 = V b l  C3 +
k22 C1 +
23 2 1
k24 = C1 C2 +
25 3 1
k26 = C1 C3 +
1 - V
2
+ 1 -  V2
1 - V
2
+ 1 -  V2
- V ■L 2
h i2
+ 1 -  V2
1 - v h
2
+ 1 -  V2
1 -
1 2 31
t>2 c^ = k
1 3 51
= k
b l  C2 k32
1 2 42
b l  C3 k52
k l l  k 12 k 13 k 14 k 15 k 16
k 22 k23 k24 k 25 k 26
k V V k 
33 34 35 36 (c
k44 k45 k 46
Sym m etric  k 55 k 56
k66
k 33 “  b 2 + 2 C2
1 1 +  v i
34 “ 2 2 C2 k 43
k35 "  b 2 b 3 + 2 C2 C3 = k53
41 k36 “ V b 2 °3 + 2 b 3 C2 = k 63
2 , 1 -  v , 2  
44 C2 2 2
61 k45 = V b 3 C2 + 2 b 2 C3 = k 54
, 1 + v
46 C2 C3 2 b 2 b 3 = k64
_ t 2 . 1 -  v 2
55 3 2 °3
1 + v
56 b3 C3 = k 65
7 2  1  ~  V  K 2
66 c 3 2 3
1 3 62
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APPENDIX 4. DERIVATION OF THE SOLID-FLUID SUPERELEMENT EQUATIONS
The f i n i t e  e le m e n t  f o r m u la t io n  o f  t h e  s o l i d - f l u i d  s u p e re le m e n t  
( i . e . , e q u a t i o n  (28) ) i s  b a s e d  on t h e  s o l i d  and f l u i d  e le m e n ts  m a t r ix  
e q u a t i o n s  a s  w e l l  a s  t h e  i n t e r a c t i o n  f o r c e s  b e tw e en  t h e  two e l e m e n t s .
The m a t r ix  e q u a t i o n  f o r  t h e  s o l i d - f l u i d  s u p e re le m e n t  i s  o b t a i n e d  
by com bin ing  e q u a t i o n s  (A -19) and (C-5) and i n c l u d i n g  t h e  i n t e r a c t i v e  
f o r c e s
r C •* " ■> • c f' ~\
M 0 u C 0 U K 0 U R | R 'e e e e e e e e
► < > + < ► < > + < ► <
\  = <
> + < >
0 0 Z 0 D
•
Z 0 E Z 0 0e e e j e J _ e j w L J
( D - l)
w here  (R } and {R '} a r e  t h e  f l u i d  p r e s s u r e  f o r c e  e x e r t e d  on t h e  s o l i d  e e
r e p r e s e n t i n g  t h e  c o u p l in g  f o r c e  and t h e  e x t e r n a l  f o r c i n g  f u n c t i o n  a c t i n g  
on t h e  s o l i d  r e s p e c t i v e l y .
The c o n t r i b u t i o n  o f  t h e  f l u i d  p r e s s u r e  l o a d i n g  i s  d e te r m in e d
by c a l c u l a t i n g  t h e  w ork  done by th e  p r e s s u r e  f o r c e  d u r in g  t h e  v i r t u a l  
d i s p la c e m e n t  a s  d e t a i l e d  h e r e u n d e r .
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C o m p u ta t io n  o f  t h e  S o l i d - F l u i d  C o u p l in g  M a tr ix
The s o l i d - f l u i d  f i n i t e  e le m e n t ,  a s  shown i n  F i g .  14 , i s  a  quad­
r i l a t e r a l  composed o f  a  s o l i d  and a  f l u i d  f i n i t e  e le m e n t .  The e q u a t i o n s  
f o r  t h e  n o d a l  d i s p l a c e m e n t  com ponen ts ,  p r e s s u r e  and v e l o c i t y  com ponents  
o f  t h e  q u a d r i l a t e r a l  s o l i d - f l u i d  e le m en t  a r e  o b t a i n e d  from  th e  s e p e r a t e  
f l u i d  and s o l i d  p a r t s  w i t h  t h e  a d d i t i o n  o f  t h e  i n t e r a c t i v e  f o r c e s .  For 
t h e  s o l i d  p a r t ,  t h e  i n t e r a c t i v e  f o r c e  i s  t h e  p r e s s u r e  f o r c e  a c t i n g  no rm al to  
t h e  moving b o u n d a ry .  F o r  t h e  f l u i d  p a r t ,  t h e  i n t e r a c t i v e  te rm  i s  e s t a b l i s h e d  
by th e  s o l i d - f l u i d  b o u n d a ry  c o n s t r a i n t  g iv e n  i n  e q . ( 2 9 ) .
The i n t e r a c t i v e  f o r c e  due  t o  p r e s s u r e  l o a d  on t h e  s o l i d  i s  d e te r m in e d  
by c a l c u l a t i n g  t h e  work done by t h e  p r e s s u r e  f o r c e  d u r in g  th e  v i r t u a l  
d i s p l a c e m e n t  a s  f o l l o w s  ^ 1 1 ,1 5 ^ :
dWp = f s (dV  P ds (D-2 )
The v i r t u a l  d i s p l a c e m e n t  i s  g iv e n  by
dS = d
x
u
}  = [NJ  d ^u e > (D-3 )
R e s o lv in g  i t  i n t o  i t s  n o rm a l  and t a n g e n t i a l  com ponents  by a c o o r d i n a t e  
t r a n s f o r m a t i o n  one o b t a i n s
u„
N
cos  a
- s m  a
s m  a
cos  a
(D-4 )
u
w here  a i s  t h e  a n g le  t h e  s o l i d - f l u i d  bo u n d a ry  makes w i t h  t h e  h o r i z o n t a l  
a x i s ,  m easu red  c o u n te r c l o c k w i s e .  The no rm al component o f  th e  v i r t u a l  d i s p l a -
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cement is given by
du^  = f  -  s i n  a c o s  a  ]  [ijg ] ^{u^} = [Ng ] d{ue > (D-5 )
i n  w hich
[NgJ = f -  s i n  a co s  a  ] [Ng] (D-6 )
[N g J i s  t h e  s o l i d  b ounda ry  s h a p e  f u n c t i o n .  S u b s t i t u t i n g  eq . (D-6  ) i n t o  
eq- (D-2 ) y i e l d s
dW = d{u }T /  [N ] T p dS (D-7 )p e S *■ s J
S u b s t i t u t i n g  e q .  (A -  3) f o r  p r e s s u r e  i n t o  eq .  (j)- 7 ) g iv e s
dWp = d{ue }T f s  [NJT [Nf ] ds {pe } (D-8 )
The f l u i d  p r e s s u r e  f o r c e  on t h e  s o l i d - f l u i d  b o u n d a ry  i s
{Re } = ; S ^  dS {pe } (I>_9 }
o r  s im p ly
<Re} = I>J {pe} (D“1C))
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w here
i s  t h e  s o l i d - f l u i d  c o u p l in g  m a t r ix  i n  w hich  S i s  t h e  l i n e  
d e f i n i n g  t h e  s o l i d - f l u i d  b o u n d a ry .  S u b s t i t u t i n g  e q . (D - lO )  i n t o  e q . ( D - l ) ,  
t h e  f i n a l  m a t r i x  e q u a t i o n  f o r  t h e  s u p e re le m e n t  i s  o b t a i n e d ( i . e . e q .2 8 ) .  I t  
shows c l e a r l y  t h a t  t h e  s o l i d  n o d a l  d i s p l a c e m e n t s ,  u^ and u ^ ,  and f l u i d  
n o d a l  p r e s s u r e ,  p , have  been  c o u p le d .  The b ounda ry  c o n d i t i o n s  f o r  
e q . ( D - l  ) a r e  t h e  same a s  t h o s e  i n d i c a t e d  f o r  t h e  s o l i d  and t h e  f l u i d  
p a r t s .
E v a l u a t i o n  o f  t h e  s o l i d - f l u i d  c o u p l i n g  m a t r i x ,  e q .  (D—11) , f o r  t h e
'X/
c a s e  o f  a  h o r i z o n t a l  bo u n d a ry  ( i . e . ,  y = h , a c o n s t a n t ,  and a = 0) 
y i e l d s  a  6 x 3 m a t r i x
4A A s f
0
21
41
61
0
22
42
62
0
23
43
63
(D-12)
i n  w hich
52 I , J  = ( a i  a j  +  ( a i  c j  + a j  c i> h + c i  c j  -  xo ) +
( a .  b .  +  a .  b .  + (b .  c .  +  b j  c . )  ft) ( x j  -  x ^)/2  +
b i  b j  (x f  -  xo ) /3 (D-13)
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t hw here  i  r e f e r s  t o  t h e  i  node  o f  t h e  s o l i d  p o r t i o n  o f  t h e  s o l i d - f l u i d  
e le m e n t  and j  r e f e r s  t o  t h e  j 1’'1 node  o f  t h e  f l u i d  p o r t i o n  o f  t h e  s o l i d -  
f l u i d  e le m e n t ,  and x Qand x^ r e f e r  to  th e  a b s c i s s a  o f  t h e  nodes d e f i n i n g  
t h e  s o l i d - f l u i d  b o u n d a ry .  The c o u p l in g  m a t r i x  may a l s o  be  c a l c u l a t e d  f o r  
a  v e r t i c a l  w a l l  and t h e  g e n e r a l i z e d  c a s e  o f  a s lo p e d  w a l l ,  y i e l d i n g  s i m i l a r
f \ j
r e s u l t s .  Fo r  t h e  v e r t i c a l  w a l l  ( i . e . ,  x = h , a  c o n s t a n t , a n d  a = ir /2 )  t h e  
c o u p l in g  m a t r i x  i s
s  f
-  s
1
0
-  s ,
0
-  s
1
31
12
51
0
-  s
0
-  s
32
52
-  s 
0
-  s
0
-  s
13
33
53
0 0
(D-14)
i n  w hich  
s ( 21- 1) , J  "  ( a i  a j  + ( a i  b j  + a j  V  b + h ±  b-j £ 2) ( y f  -  y 0 )
+ ( a ±  c .  + a .  CjL + (b i  C j  + b .  c ±) h ) ( y f  -  yQ) / 2  
+  c i  c j (y f  -  yo ) /3 (0-15 )
i n  w h ich  a l l  te rm s  a r e  d e f i n e d  a s  b e f o r e  and y Q and y^ a r e  th e  o r d i n a t e s  
t h e  no d es  d e f i n i n g  t h e  s o l i d - f l u i d  b o u n d a ry .  For t h e  g e n e r a l  c a s e  o f  a 
s lo p e d  w a l l ,  t h e  r e l a t i o n s h i p  a lo n g  t h e  b o u n d a ry  g iv e n  by
y f  "  yoy ------------------ (x  -  x ) + y = m ( x - x ) + y
X -  -  X  o  o  O y o ( D-16)
[Sel " u Vs f
r e s u l t s i n t h e  c o u p l in g  m a t r i x
-  s ^ ^ s i n a -  s ^ s i n a - s ^ s i n a
s^ ^ c o s a s 12COS a Sj^COS a
-  s 31s i n a -  s 32s i n a - s 33s i n a
s 31COS a S32COS a s 33cos a
-  s ^ ^ s i n a -  s 52s i n a - s 53s i n a
s ^ ^ c o s a s 52cos a S33COS a
(D-17)
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i n  whi ch
s / OT n  t = ( a - a - “ (a - c - +  a - c . ) ( m  x -  y ) + ( 21 - 1) , J  1 j  x 2 j  i  o * o '
2
c .  c .  (m x  -  y ) ) ( x r - x )  +  ( a .  b .  + a .  b .  + 
i  J o J o '  '  '  f  o '  i  j j i
( a .  c .  +  a .  c . )  m -  (b.  c .  + b .  c . ) ( m x  - y )  • 
1 J J i  i  J j  l  o o
2 c ±  c^m (m xq -  yQ) ) ( X f  -  * J ) /2  + (b ± b +
(b i  c j  +  b j  c ±) m + c i  m ) (x^ -  x ^ ) / 3
a = t a n -1  y f  -  y o 
x f  ‘  Xo
(D-18)
(D-19)
and a l l  o t h e r  q u a n t i t i e s  a r e  d e f i n e d  a s  b e f o r e .
95
REFERENCES
f l ]  Chen, S . S . ,  "F lo w -In d u c e d  V i b r a t i o n  o f  C i r c u l a r  C y l i n d r i c a l  S t r u c t -  
t u r e s , P a r t  I :  S t a t i o n a r y  F l u i d s  and P a r a l l e l  Flow'", The Shock 
and V i b r a t i o n  D i g e s t ,  v o l .  9 , No. 10, pp . 2 5 -3 8 ,  O c to b e r  1977.
[2] Chen, S . S . ,  " F lo w -In d u c e d  V i b r a t i o n  o f  C i r c u l a r  C y l i n d r i c a l  S t r u c t ­
u r e s ,  P a r t  I I :  C ro ss -F lo w  C o n s i d e r a t i o n s " ,  The Shock and 
V i b r a t i o n  D i g e s t ,  v o l .  9 ,  No. 11, pp . 2 1 -2 8 ,  November 1977.
[3] Conway, H.D. and J a k u b o w s k i ,  M ., " A x ia l  Im pac t  o f  S h o r t  C y l i n d r i c a l
B a r s " ,  ASME p u b l i c a t i o n  69-WA/APM-6 f o r  m e e t in g  o f  November 
16-20 1969.
[4 ] Cook, R . D . , C o n c e p ts  and A p p l i c a t i o n s  o f  F i n i t e  E le m e n t  A n a l y s i s ,
John  W iley  and S o n s , I n c . ,  New Y ork , 1974.
[5] Feng , G. C. ,  K i e f l i n g ,  L . , " F l u i d - S t r u c t u r e  F i n i t e  E le m e n t  V i b r a t i o n a l
A n a l y s i s " ,  AIAA 7 4 -102 , AIAA 1 2 th  A e ro sp ac e  S c i e n c e s  M e e t in g ,  
W a sh in g to n ,  D. C . ,  1974.
[6] G a l l a g h e r ,  R . H . , Oden, J . T . ,  T a y l o r ,  C. and Z ie n k ie w ic z ,  O. C. ,
" F i n i t e  E le m e n ts  i n  F l u i d s " ,  vo lum es 1 and 2 ,  Jo h n  W iley  and 
S ons ,  1975.
[7] G a l l a g h e r ,  R . H . , F i n i t e  E lem ent A n a l y s i s  F u n d a m e n ta ls ,  P r e n t i c e - H a l l ,
I n c . ,  New J e r s e y ,  1975.
[8] G reenspon , J . E . ,  " F l u i d - S o l i d  I n t e r a c t i o n " ,  The A m erican  S o c i e t y  o f
M e c h a n ic a l  E n g i n e e r s ,  New Y ork , 1967.
[9] Holmboe, E. L.  and  R o u le a u ,  W. T . , "The E f f e c t  o f  V is c o u s  S h e a r  on
T r a n s i e n t s  i n  L iq u id  L in e s " J  T r a n s a c t i o n s  o f  ASME, J o u r n a l  o f  
B a s ic  E n g i n e e r i n g ,  v o l .  89 ,  No. l , p p .  174-180 , March 1967.
[10] H uebner, K . H . , "The F i n i t e  E lem en t  M ethods f o r  E n g i n e e r s " ,  John
W iley  and S ons ,  1975.
[11] N ah av an d i,  A.N.  and P e d r id o ,  R . R . , "An A n a l y s i s  o f  S o l i d - F l u i d
I n t e r a c t i o n  U s in g  t h e  F i n i t e  E lem en t M ethod", Dynamic A n a ly s i s  
o f  P r e s s u r e  V e s s e l  and P i p in g  Com ponents, ASME PVP-PB-022, pp. 
7 5 -9 3 ,  1977.
[12] N ah av an d i,  A . N . , Bohm, G. J .  and P e d r i d o ,  R . R . , " S t r u c t u r a l l y  Comp­
a t i b l e  F l u i d  F i n i t e  E lem en t f o r  S o l i d - F l u i d  I n t e r a c t i o n  
S t u d i e s " ,  N u c le a r  E n g in e e r in g  and D e s ig n  35 (1975) 33 5 -3 4 7 .
[13] P e t t i g r e w ,  M. J .  and P a i d o u s s i s ,  M. P . ,  "Dynamics and S t a b i l i t y  o f
F l e x i b l e  C y l i n d e r s  S u b je c te d  t o  L i q u id  and Tw o-Phase A x i a l  Flow 
i n  C o n f in ed  A n n u l i , "  3 rd  I n t l .  C onf. S t r u c .  Mech. R e a c to r  T e c h . ,  
London, v o l .  1, P a r t  D ( s e p t .  1 - 5 ,1 9 7 5 ) .
96
[ 14J P a i d o u s s i s ,  M. P. ,  " V i b r a t i o n  o f  C y l i n d r i c a l  S t r u c t u r e s  In d u ce d  by a x i a l  
F low ", J .  E n g r .  I n d u s . ,  T r a n s . , ASME,9 6 , pp . 547-553 (1 9 7 4 ) .
[15] P e d r id o ,  R. R. ,  "Dynamic A n a ly s i s  o f  S t r u c t u r e s  w i th  S o l i d - F l u i d
I n t e r a c t i o n " ,  Dr. Eng. Sc. D i s s e r t a t i o n ,  New J e r s e y  I n s t i t u t e  
o f  T e c hno logy , Newark, New J e r s e y  (1 9 7 7 ) .
[1 6 ] P r z e m i e n i e c k i ,  J . S . ,  T heory  o f  M a t r ix  S t r u c t u r a l  A n a l y s i s ,  New Y ork:
M cG raw -H ill ,  1968.
[17] S a v k a r ,  S . D. ,  "A Survey  o f  Flow In d u ced  V i b r a t i o n s  o f  C y l i n d r i c a l
A rra y s  i n  C r o s s -F lo w " ,  ASME p u b l i c a t i o n  76-WA/FE-21 f o r  
m e e t in g  o f  Dec. 5 ,  1976.
[18] S e g e r l i n d ,  L . J . , A p p l ie d  F i n i t e  E lem en t A n a l y s i s ,  John  W iley  and
S o n s , I n c . ,  New J e r s e y ,  1976.
[19] S z i l a r d ,  R . , H y d ro d y n a m ic a l ly  Loaded S h e l l s ,  H o n o lu lu :  The
U n i v e r s i t y  P r e s s  o f  H a w a i i ,  1973.
[20] T a r a n t i n e ,  F . J .  and R o u le a u ,  W. T. ,  " F l u i d  P r e s s u r e  T r a n s i e n t s  i n  a
T ape red  T r a n s m is s io n  L i n e " ,  T r a n s a c t i o n s  o f  ASME, J o u r n a l  o f  
B a s ic  E n g i n e e r in g ,  v o l .  89 , No. l , p p .  181 -190 , March 1967.
I2l ]  Wang, C . K . , Computer M ethods i n  Advanced S t r u c t u r a l  A n a l y s i s ,
I n t e x t  E d u c a t i o n a l  P u b l i s h e r s ,  New Y ork , 1973.
[22] Z i e l k e ,  W., " F re q u e n c y -D e p e n d e n t  F r i c t i o n  i n  T r a n s i e n t  P i p e  F low " , 
T r a n s a c t i o n s  o f  ASME, J o u r n a l  o f  B a s ic  E n g in e e r in g ,  March 
1968, pp. 109-115 .
| 23] Z ie n k ie w ic z ,  O. C . ,  The F i n i t e  E leem nt Method i n  E n g in e e r in g  
S c ie n c e ,  London: M cG raw -H ill ,  1971.
97
PART THREE 
USER'S MANUAL
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1. DESCRIPTION OF FASINT DIGITAL COMPUTER PROGRAM
The p rog ram  FASINT(Fluid And S o l id  I n t e r a c t i o n ) , d e v e lo p e d  f o r  th e  
a n a l y s i s  o f  i n t e r a c t i o n  be tw een  a n  e l a s t i c  s o l i d  and a  f l u i d  medium 
h a v in g  p r e s s u r e  and v e l o c i t y  com ponents  i n  t h e  f l u i d  a s  w e l l  a s  s o l i d  
d i s p l a c e m e n ts  a s  t h e  m ain  d e p e n d e n t  v a r i a b l e s ,  c o n s i s t s  o f  a  main 
p rogram  and s e v e r a l  s u b r o u t i n e s .  At t h e  u s e r ' s  o p t i o n , t h e  p rogram  may 
a l s o  be  u se d  t o  a n a ly z e  t o t a l l y  s o l i d  o r  t o t a l l y  f l u i d  c o n t i n u a .  A 
t a b u l a r  o u t l i n e  o f  t h e  MAIN p rog ram  and i t s  s u b r o u t i n e s  t o g e t h e r  w i th  
t h e i r  f u n c t i o n s  a r e  g iv e n  below  and f o l lo w e d  by a more d e t a i l e d  
d e s c r i p t i o n .  The f l o w c h a r t  o f  FASINT i s  shown i n  F i g . 26.
PROGRAM OR SUBROUTINE NAME FUNCTIONS
MAIN C o n t r o l s  t h e  c a l l i n g  s e q u e n c e  o f
s u b r o u t i n e s , i n i t i a l i z a t i o n  o f  t h e  p rob lem ,
i n s e r t i o n  o f  t h e  s p e c i f i e d  f re e d o m s  and
t h e  n o rm a l  t e r m i n a t i o n  o f  t h e  p rog ram .
CLEAR I n i t i a l i z e s  a l l  l a b e l l e d  common b lo c k s  to
z e r o .
GDATA R eads i n  and p r i n t s  o u t  t h e  i n p u t  d a t a  and
i n i t i a l i z e s  t im e  and i t e r a t i o n  num ber.
LOAD R eads i n  and a s se m b le s  a p p l i e d  l o a d s
and s p e c i f i e d  f r e e d o m s ( i . e . , d i s p l a c e m e n t s ,
p r e s s u r e  and v e l o c i t i e s ) .
STIFTl(N) F in d s  m ass ,  damping and s t i f f n e s s  m a t r i c e s
for solid element number N.
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PROGRAM OR SUBROUTINE NAME 
STIFT2(N)
STIFT3(N)
FORMK
S F ( I , J )
FORCE
AINTEG
FUNCTIONS
F in d s  t h e  i n e r t i a  and f l u i d i t y  m a t r i c e s  f o r  
f l u i d  e le m e n t  number N.
F in d s  t h e  e q u i v a l e n t  m ass ,  combined dam ping- 
i n e r t i a  and com bined s t i f f n e s s - f l u i d i t y  
m a t r i c e s  f o r  s o l i d - f l u i d  s u p e re le m e n t  number N. 
A ssem bles t h e  d i a g o n a l  te rm s  o f  m a t r i c e s  i n  
g l o b a l  a r r a y s  and s t o r e s  t h e  o f f - d i a g o n a l  
t e r m s •
F u n c t io n  s u b r o u t i n e  u sed  t o  c a l c u l a t e  
s o l i d - f l u i d  c o u p l i n g  m a t r i x .
F in d s  g e n e r a l i z e d  g l o b a l  f o r c e  a r r a y .
F in d s  a n a l y t i c a l  s o l u t i o n  to  t h e  u n c o u p le d  
g l o b a l  d i f f e r e n t i a l  e q u a t i o n s .
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START
E n te r  MAIN program
S u b r o u t i n e  CLEAR:
I n i t i a l i z e  a l l  l a b e l l e d  common b lo c k s  t o  z e r o .
S u b r o u t in e  GDATA:
(2) I n i t i a l i z e  t im e  and i t e r a t i o n  number.
(1) Read i n  and p r i n t  o u t  a l l  t h e  i n p u t  d a t a  d e s c r i b i n g  th e
f i n i t e  e le m e n t  p ro b le m .
MAIN p rog ram  c o n t in u e d
(1) I n i t i a l i z e  t h e  p ro g ram .
(2) Read i n  t h e  s p e c i f i e d  f r e e d o m s ( i . e . , d i s p l a c e m e n t s ,
p r e s s u r e  and v e l o c i t i e s ) .
(3) Read i n  t h e  nodes  w i t h  s o l i d - f l u i d  b o u n d a ry  c o n s t r a i n t .
S u b r o u t i n e  LOAD:
(2) D e te rm in e  th e  s i z e  o f  t h e  g l o b a l  m a t r i c e s .
(3) S e t  up i n d i c i a l  a r r a y s  i n d i c a t i n g  t h e  l o c a t i o n  i n  t h e
(1) Read i n  and a s s e m b le  t h e  a p p l i e d  lo a d  a r r a y .
and a c t i v e  f re e d o m s .
g l o b a l  m a t r i c e s  o f  s p e c i f i e d  f re e d o m s ,  i n a c t i v e  freedom s
FIG. 26 SIMPLIFIED FLOWCHART OF FASINT PROGRAM
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S u b r o u t i n e  STIFT3(N)-
C a l c u l a t e  e q u i v a l e n t
m a s s , combined dam ping-
i n e r t i a  and  combined
s t i f f n e s s - f l u i d i t y
m a t r i c e s  f o r  t h e  s o l i d -
f l u i d  s u p e r e l e m e n t .
E n te r  s u b r o u t i n e  FORMK
C a l c u l a t e  i n e r t i a  and
t h e  f l u i d  e le m e n t .
S u b r o u t in e  STIFT2(N)-
f l u i d i t y  m a t r i c e s  f o rand s t i f f n e s s  m a t r i c e s
C a l c u l a t e  m ass ,dam p ing
f o r  t h e  s o l i d  e le m e n t .
S u b r o u t in e  S T IF T l(N )-
A ssem ble t h e  d i a g o n a l  te rm s  o f  t h e  above  m a t r i c e s  i n t o  g l o b a l  a r r a y s
and s t o r e  t h e  o f f - d i a g o n a l  te rm s  ( a f t e r  z e r o i n g  t h e i r  d i a g o n a l  te rm s)
e a rm arked  w i t h  t h e i r  e le m e n t  num ber.
S u b r o u t in e  FORMK ( c o n t in u e d )
S u b r o u t in e  FORCE - F in d  f o r c i n g  f u n c t i o n  a r r a y  b y :
1) Unload a r r a y s  o f  g l o b a l  f reedom s and i t s  f i r s t  t im e  d e r i v a t i v e  i n t o  
e l e m e n t a l  f reedom s and f i r s t  t im e  d e r i v a t i v e  a r r a y s .
2) M u l t i p ly  t h e  s t o r e d  e le m e n t a l  o f f - d i a g o n a l  m a t r i c e s  by t h e i r  r e s p e c ­
t i v e  f reedom  a r r a y s  and c a r r y  them  t o  t h e  r i g h t  hand s i d e  o f  t h e
m a t r ix  e q u a t i o n  and a s se m b le  them  w i t h  lo a d  and c o u p l in g  f o r c e  a r r a y s
i n t o  a  f o r c i n g  f u n c t i o n  a r r a y .
FIG. 26 SIMPLIFIED FLOWCHART OF FASINT PROGRAM ( CONTINUED )
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YES
NO
YES
STOP
NO
/ C h e c k \  
p r i n t  t im e
' ' 'C h e c k '  
end t im e
PRINT: S o l u t i o n
S u b r o u t i n e  AINTEG:
S o lv e  t h e  u n c o u p le d  d i f f e r e n t i a l  e q u a t i o n s  by a n a l y t i c
i n t e g r a t i o n  t e c h n i q u e .
FIG. 26 SIMPLIFIED FLOWCHART OF FASINT PROGRAM ( CONTINUED )
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1 .1  MAIN P rogram
The MAIN p ro g ram  c o n t r o l s  t h e  c a l l i n g  seq u en ce  o f  s u b r o u t i n e s ,  
i n i t i a l i z a t i o n  o f  t h e  p r o b l e m , i n s e r t i o n  o f  t h e  s p e c i f i e d  f reed o m s and 
t h e  norm al t e r m i n a t i o n  o f  t h e  p ro g ra m . The s o l u t i o n  i s  o b t a i n e d  i n  an 
i t e r a t i v e  lo o p  b a s e d  on t h e  e l a p s e d  t im e  o f  t h e  p ro b lem . The program  
n o r m a l ly  t e r m i n a t e s  when t h e  i t e r a t i o n  number(ITIME) i s  e q u a l  to  t h e  
o f f l i n e  s t o r a g e  c o n t r o l l e r ( I I T I M E )  o r  t h e  e l a p s e d  p ro b le m  t im e  i s  e q u a l  
o r  g r e a t e r  t h a n  t h e  f i n a l  t im e .
1 .2  CLEAR S u b r o u t i n e
CLEAR s u b r o u t i n e  i n i t i a l i z e s  a l l  v a r i a b l e s  i n  a l a b e l l e d  
COMMON b lo c k  e q u a l  to  z e r o .  I t s  c a l l i n g  se q u en c e  i s
CALL CLEAR (AMEMBR, LENGTH) 
i n  w hich  AMEMBR i s  t h e  name o f  t h e  f i r s t  v a r i a b l e  i n  t h e  COMMON b lo c k  
and LENGTH i s  t h e  t o t a l  number o f  v a r i a b l e s  o ccupy ing  t h e  COMMON b l o c k [ l 5 ] .
For exam ple ,  i f  a  COMMON b lo c k  i s  o f  t h e  form
COMMON/ITER/DIADIT( 2 7 0 ) ,DIAK1(270) 
t h e  c a l l i n g  se q u e n c e  f o r  CLEAR would be
CALL CLEAR(DIADIT,540)
1 .3  GDATA S u b r o u t i n e
GDATA r e a d s  i n  and p r i n t s  o u t  a l l  t h e  i n p u t  d a t a  d e s c r i b i n g  t h e
f i n i t e  e le m e n t  p ro b le m . The d a t a  w h ich  a r e  r e a d  i n  a r e  d e s c r i b e d  i n
s e c t i o n  2, DESCRIPTION OF INPUT DATA. GDATA a l s o  i n i t i a l i z e s  t h e  e l a p s e d  
t im e  and i t e r a t i o n  num ber. I t s  c a l l i n g  se q u e n c e  i s
CALL GDATA
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1 .4  LOAD S u b r o u t in e
T h is  s u b r o u t i n e  r e a d s  i n  and a s s e m b le s  t h e  g l o b a l  a p p l i e d  lo a d  
a r r a y  and r e a d s  i n  t h e  s p e c i f i e d  d i s p l a c e m e n t s ,  p r e s s u r e  and v e l o c i t i e s .  
LOAD a l s o  f u n c t i o n s  a s  t h e  sy s te m  i n i t i a l i z a t i o n  r o u t i n e .  I t  d e te r m in e s  
t h e  s i z e  o f  t h e  g l o b a l  m a t r i c e s  and f u r t h e r  s e t s  up i n d i c i a l  a r r a y s  
i n d i c a t i n g  t h e  l o c a t i o n  i n  t h e  g l o b a l  m a t r i x  o f  s p e c i f i e d  f re e d o m s ,  
i n a c t i v e  f re e d o m s ,  and  a c t i v e  f reedom s f o r  a n a l y t i c a l  s o l u t i o n .  The 
c a l l i n g  s t a t e m e n t  f o r  LOAD i s
CALL LOAD
1 .5  FORMK S u b r o u t in e
S u b r o u t in e  FORMK i s  e n t e r e d  o n ly  i n  t h e  f i r s t  i t e r a t i o n .  I t s  f u n c t i o n  
i s  t o  f i n d  and a s se m b le  t h e  d i a g o n a l  te rm s  o f  m ass ,  dam ping, s t i f f n e s s ,  
i n e r t i a ,  v o l u m e t r i c  f l u i d i t y ,  combined d a m p i n g - i n e r t i a  and combined 
s t i f f n e s s - v o l u m e t r i c  f l u i d i t y  m a t r i c e s  i n t o  g l o b a l  a r r a y s  and s t o r e  
t h e i r  o f f - d i a g o n a l  t e rm s  ( a f t e r  z e r o in g  t h e i r  d i a g o n a l  te rm s)  ea rm ark ed  
w i t h  t h e i r  e le m en t  num ber. FORMK c a l l s  t h e  s u b r o u t i n e s  STIFT1, STIFT2 
and STIFT3 to  c a l c u l a t e  t h e  s o l i d ,  f l u i d  and s o l i d - f l u i d  m a t r i c e s  as  
d e s c r i b e d  l a t e r .  I f  t h e  c o u p l in g  m a t r ix  i s  t o  b e  c a l c u l a t e d ,  FORMK c a l l s  
STIFT3 w h ich  i n  t u r n  c a l l s  SF F u n c t io n  to  o b t a i n  t h i s  m a t r i x .  The 
c a l l i n g  s e q u en c e  f o r  t h i s  s u b r o u t i n e  i s
CALL FORMK
1 .6  STIFTl(N) S u b r o u t in e
S u b r o u t in e  STIFTl(N) i s  c a l l e d  by FORMK to  c a l c u l a t e  t h e  m ass ,  
dam ping and s t i f f n e s s  m a t r i c e s  f o r  s o l i d  p l a n e  t r i a n g u l a r  f i n i t e  e le m e n t  
N. The c a l l i n g  s t a t e m e n t  f o r  t h i s  s u b r o u t i n e  i s
CALL STIFTl(N) 
i n  w hich  t h e  a rgum ent N i s  t h e  s o l i d  e le m e n t  number.
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1.7 STIFT2(N) S u b r o u t in e
S u b r o u t i n e  STIFT2(N) i s  c a l l e d  by FORMK to  c a l c u l a t e  t h e  
i n e r t i a  and f l u i d i t y  m a t r i c e s  f o r  t h e  f l u i d  p l a n e  l i n e a r  t r i a n g u l a r  
f i n i t e  e le m e n t  N. The c a l l i n g  s t a t e m e n t  f o r  t h i s  s u b r o u t i n e  i s
CALL STIFT2(N) 
i n  w hich  t h e  a rgum en t N i s  t h e  f l u i d  e le m en t  num ber.
1 .8  STIFT3(N) S u b r o u t in e
S u b r o u t i n e  STIFT3(N) i s  c a l l e d  by FORMK to  c a l c u l a t e  t h e  combined 
d a m p i n g - i n e r t i a  and combined s t i f f n e s s  -  f l u i d i t y  m a t r i c e s  f o r  t h e  
s u p e re le m e n t  p l a n e  l i n e a r  q u a d r i l a t e r i a l  s o l i d - f l u i d  f i n i t e  e le m en t  N. 
STIFT3(N) i s  a l s o  e n t e r e d  from  FORMK t o  c a l c u l a t e  t h e  s o l i d - f l u i d  
c o u p l in g  m a t r i x .  The c a l l i n g  s t a t e m e n t  f o r  t h i s  s u b r o u t i n e  i s
CALL STIFT3(N)
i n  w hich  t h e  a rgum en t N i s  t h e  s o l i d - f l u i d  s u p e re le m e n t  num ber.
1 .9  SF F u n c t io n  S u b r o u t in e
SF f u n c t i o n  i s  c a l l e d  by  s u b r o u t i n e  STIFT3 to  c a l c u l a t e  t h e  te rm s  
o f  t h e  6 x 3  s o l i d - f l u i d  c o u p l i n g  m a t r i x  a c c o r d in g  t o  e q u a t i o n s  (D-13), (D-15) 
and (D -1 8 ) .  The s u b s c r i p t s  I  and J  i n  t h e s e  e q u a t i o n s  a r e  i n d i c i a l  node 
numbers w h ich  r e f e r s  to  t h e  no d e  o f  t h e  e le m en t  b e in g  c o n s i d e r e d , i . e . , 
f i r s t ,  s e c o n d ,  o r  t h i r d .  I  r e f e r s  t o  t h e  s o l i d  n o d e s  o f  t h e  s o l i d - f l u i d  
s u p e r e l e m e n t ,  and J  r e f e r s  t o  t h e  f l u i d  n o d e s .  T h i s  f u n c t i o n  i s  b a s i c a l l y  
s i m i l a r  t o  t h e  one p r e s e n t e d  by  P e d r id o  [ 1 5 ] .
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1 .1 0  FORCE S u b r o u t in e
FORCE p r e p a r e s  m a t r i c e s  f o r  a n a l y t i c  s o l u t i o n  by u n l o a d in g  g l o b a l  
d i s p l a c e m e n t s ,  p r e s s u r e ,  and v e l o c i t i e s  and t h e i r  f i r s t  and second  t im e  
d e r i v a t i v e s  a r r a y s  i n t o  e l e m e n ta l  a r r a y s  and m u l t i p l y i n g  t h e  o f f - d i a g o n a l  
te rm s  o f  m a t r i c e s  by  t h e s e  e l e m e n ta l  a r r a y s  and a s s e m b l in g  them  w i th  
lo a d  and c o u p l in g  f o r c e  a r r a y s  i n t o  a  g e n e r a l i z e d  f o r c e  a r r a y .  The 
c a l l i n g  s t a t e m e n t  f o r  t h i s  s u b r o u t i n e  i s
CALL FORCE
1.11  AINTEG S u b r o u t i n e
AINTEG s o l v e s  t h e  u n c o u p le d  g l o b a l  m a t r i x  d i f f e r e n t i a l  e q u a t i o n s  
w h ich  r e s u l t s  f rom  t h e  a p p l i c a t i o n  o f  FORMK and FORCE s u b r o u t i n e s  
d e s c r i b e d  e a r l i e r  , by a n a l y t i c  i n t e g r a t i o n  t e c h n i q u e .  N odal d i s p l a c e ­
m en t ,  p r e s s u r e  and v e l o c i t i e s  and t h e i r  f i r s t  and second  t im e  
d e r i v a t i v e s  a r e  d e te r m in e d  a n a l y t i c a l l y  a s  f u n c t i o n  o f  t im e .  The 
s o l u t i o n  can be  o b t a i n e d  f o r  i n v i s c i d ,  s l i g t h l y  v i s c o u s  and h i g h l y  
v i s c o u s  o r  undamped and h i g h l y  damped c a s e s .  The c a l l i n g  s t a t e m e n t  
f o r  t h i s  s u b r o u t i n e  i s
CALL AINTEG
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2 . DE S CRI P TI ON OF I NPUT DATA
I n  t h i s  s e c t i o n , t h e  i n p u t  d a t a  f o r  FASINT i s  d e s c r i b e d  
i n  d e t a i l , f o l l o w e d  b y  t h e  p r i n t o u t  o f  a  s a m p l e  d a t a  d e c k .
T h e  f o r m a t  f o r  e a c h  c a r d  d e s c r i p t i o n  i s  a s  f o l l o w s :
C a r d  n u m b e r .  T i t l e  o f  C a r d  
P u r p o s e  o f  C a r d  
F o r m a t
C o l u m n s  V a r i a b l e  C o m m e n t s
FASINT I n p u t  D a t a
1 .  T i t l e  C a r d
T h i s  c a r d  c o n t a i n s  a  4 8 - c h a r a c t e r  d e s c r i p t i v e  t i t l e  
w h i c h  i s  p r i n t e d  a s  a  h e a d i n g  f o r  t h e  o u t p u t  d a t a .
F o r m a  t ( 1 2 A 4 )
C o l u m n s  V a r i a b l e  C ommen t  s
1 - 4 8  T I T L E  I f  no  t i t l e  i s  d e s i r e d , i n s e r t
a b l a n k  c a r d .
2 .  R e s t a r t  C a r d
I R U N , R e s t a r t  S w i t c h .  T h i s  q u a n t i t y  c o n t r o l s  t h e  i n i t i a l ­
i z a t i o n  o f  t h e  p r o g r a m .  When I R U N = 0 , p r o g r a m  w i l l  s t a r t  
f r o m  i n i t i a l  c o n d i t i o n .  When I R U N = 1 , p r o g r a m  w i l l  s k i p  
t h e  i n i t i a l i z a t i o n  a n d  w i l l  u s e  p r e v i o u s  o u t p u t  a l r e a d y  
s t o r e d  o n  t a p e  a s  i n i t i a l  v a l u e s .  T h e  l a t t e r  t a p e  s t o r a g e  
i s  a c h i e v e d  b y  s e t t i n g  I END=1 i n  t h e  p r e v i o u s  r u n  a s  
d i s c u s s e d  n e x t .
I E N D , R e s t a r t  C o n t r o l l e r .  T h i s  q u a n t i t y  c o n t r o l s  t h e
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o u tp u t  a t  t h e  c o m p le t io n  o f  a dynam ic r u n .  When IEND = l , t h e  f i n a l  
p rogram  o u t p u t  w i l l  be  s t o r e d  on t a p e  f o r  r e s t a r t i n g  t h e  r u n  a t  a  l a t e r  
d a t e .  When IEND = 0 ,no  s t o r a g e  o f  t h e  f i n a l  o u t p u t  w i l l  be  made.
F o rm a t(215)
Columns V a r i a b l e  Comments
1-5 IRUN R e s t a r  s w i tc h
5-10  IEND R e s t a r t  c o n t r o l l e r
3. P rogram  C o n t r o l  Card
T h is  c a rd  r e a d s  two p a r a m e t e r s .  The f i r s t  p a r a m e t e r , d e s i g n a t e d  as  o f f l i n e  
s t o r a g e  c o n t r o l l e r ( I I T I M E ) , c o n t r o l s  t h e  o f f l i n e  s t o r a g e  o f  o u t p u t  d a t a  f o r  
s u b s e q u e n t  r e s t a r t .  At th e  a p p r o p r i a t e  i t e r a t i o n , i n d i c a t e d  by IITIME, 
t h e  o u t p u t  a r e  s t o r e d  on a d i s c ,  and r e c a l l e d  i n  t h e  r e s t a r t  mode. The second  
p a ra m e te r  i s  t h e  maximum number o f  i te ra t ion (L M A X ) w hich  may be needed  
f o r  c o n v e rg e n c e  o f  p r e s s u r e  and v e l o c i t i e s .
F o rm a t(215)
Columns V a r i a b l e  Comments
1-5  IITIME O f f l i n e  s t o r a g e  c o n t r o l l e r
5 -1 0  LMAX Maximum number o f  i t e r a t i o n s  f o r
c o n v e rg e n c e  o f  p r e s s u r e  and v e l o c i t i e s
4 .  C onvergence  E r r o r  Card
T h is  c a r d  r e a d s  i n  th e  c o n v e rg e n c e  e r r o r  f o r  c o n v e rg e n c e  o f  
p r e s s u r e  and v e l o c i t i e s .
F o rm a t(15)
Columns V a r i a b l e  Comments
1-5  ERRMAX C onvergence  e r r o r
109
5 .  S y s t e m  P a r a m e t e r s  C a r d
T h e  d a t a  d e s c r i b i n g  t h e  s y s t e m  p a r a m e t e r s  ^ u c h  a s  t h e  
n u m b e r  o f  n o d e s  , e l e m e n t s ,  e t c a r e  p r o v id e d  on t h i s  c a r d .  
F o r m a t ( 1 0 1 8 )
C o l u m n s V a r i a b l e C o m m e n t s
1 - 8
9 - 1 6
1 7 - 2 4
2 5 - 3 2
3 3 - 4 0
4 1 - 4 8
4 9 - 5 6
5 7 - 6 4
6 5 - 7 2
NP
NE
NB
NLD
NMAT
I I
NPRI NT
ND
NDF
N u m b e r  o f  n o d e s ;  _ 5 4
N u m b e r  o f  e l e m e n t s ;  < 72
Number o f  no d es  w i t h  a p p l i e d  l o a d s ;
NB > 1
Not u s e d
N u m b e r  o f  m a t e r i a l s ,  < 2
D e b u g  o p t i o n ,  0 ^ I I  < 3
= 0 y i e l d s  s o l u t i o n  o n l y  
= 3 y i e l d s  ma x i mu m d e b u g  p r i n t o u t
F r e q u e n c y  o f  p r i n t o u t ;  ^ 1
N u m b e r  o f  n o d e s  w i t h  s p e c i f i e d  
d i s p l a c e m e n t s , p r e s s u r e  a n d  
v e l o c i t i e s ;  1 ^ ND ^ 22
N u m b e r  o f  d e g r e e s  o f  f r e e d o m  
o f  t h e  s y s t e m
= 3 f o r  f l u i d  sys tem  
= 2 f o r  s o l i d  sys tem
2
= 5 f o r  s o l i d - f l u i d  sy s te m
^ I n  v iew  o f  t h e  v o lu m in o u s  amount o f  d a t a  r e s u l t i n g  when I I  -  3 ,  i t  i s  
s u g g e s t e d  t h a t  t h e  u s e r  l i m i t  t h e  d u r a t i o n  o f  h i s  ru n s  when u s in g  a 
h ig h  debug o p t io n  ( I I  > 2 ) .
2C a r e  m u s t  b e  t a k e n  t h a t  t h e  p r o d u c t  NP x NDF,  w h i c h  r e p r e s e n t s  
t h e  t o t a l  g l o b a l  n u m b e r  o f  d e g r e e s  o f  f r e e d o m ,  d o e s  n o t  e x c e e d  
270 .
110
Columns Variable Comments
73 -80  NCON Number o f  n o d e s  w i th  s p e c i f i e d  s o l i d - f l u i d
bo u n d a ry  c o n s t r a i n t s ;  1< NCON < 7 .
6. Time Card
T h is  c a rd  r e a d s  i n  t h e  p a r a m e te r s  a s s o c i a t e d  w i th  t h e  t im e  h i s t o r y
d u r a t i o n ,  a s  w e l l  a s  t h e  a n g le  b e tw e en  t h e  s o l i d - f l u i d  b o u n d a ry  and th e
x - a x i s .
F o r m a t ( I 1 0 ,3 F 1 0 .6 )
Columns V a r i a b l e Comments
1-10 NIT Number o f  i t e r a t i o n s .
11-20 TBEG I n i t i a l  t im e  o f  t im e  h i s t o r y .
21-30 TEND F i n a l  t im e  o f  t im e  h i s t o r y .
31-40 ALPHA A ngle  be tw e en  t h e  s o l i d - f l u i d  b o u n d a ry  and th e  
x - a x i s ,m easu red  c o u n t e r - c l o c k w i s e , r a d i a n s .
M a t e r i a l  P r o p e r t i e s  Card
T h is  c a rd r e a d s  i n  t h e m a t e r i a l  p r o p e r t i e s  f o r  t h e  number o f
m a t e r i a l s s p e c i f i e d  i n NMAT. One c a r d  i s  n ee d ed  f o r  each  m a t e r i a l .
F o r m a t (110 , 3E12.5)
Columns V a r i a b l e Comments
1-10 N M a t e r i a l  ty p e  num ber; < 2
11-22 0RT(N ,1) = E jY o u n g 's  m odu les  f o r  t h e  s o l i d .  
= c ,S p e e d  o f  sound f o r  t h e  f l u i d .
23-34 0RT(N,2) = v , P o i s s o n ' s  r a t i o  f o r  t h e  s o l i d .
= k ^ ,V is c o u s  damping c o e f f i c i e n t  f o r  t h e  f l u i d
35-46 0RT(N,3) = p ,D e n s i ty  f o r  t h e  s o l i d  o r  t h e  f l u i d .
8 .  Damping P a ra m e te r  Card
T h is  c a r d  r e a d s  i n  t h e  v a lu e  o f  p r o p o r t i o n a l  damping to  be  u sed  i n  
t h e  p rob lem .
Format(E12.5)
I l l
Columns Variable Comments
1-12 DAMP = 0 f o r  undamped sy s te m .
= Nonzero  f o r  damped sy s te m .
9. N odal P o i n t  D a ta  Card
T h is  c a rd  r e a d s  i n  t h e  x and  y c o o r d i n a t e s  o f  e a ch  n o d a l  p o i n t .  
T h e re  m ust be  one c a rd  f o r  e v e r y  n ode .
F o rm a t ( 1 1 0 ,2 F 1 0 .3)
Columns V a r i a b l e  Comments
1 -10  N Node number.
11-20 C0RD(N,1) x - c o o r d i n a t e  o f  node .
21 -3 0  C0RD(N,2) y - c o o r d i n a t e  o f  node .
10. N odal P o i n t  Freedom Card
T h is  c a r d  c o n t a i n s  t h e  number o f  d e g re e s  o f  f reedom  w hich  e x i s t  a t  each  
n o d e .  T h e re  m ust be one c a r d  f o r  each  n ode .
F o rm a t (215)
Columns V a r i a b l e  Comments
1-5  N Node number.
6 -1 0  NTYPE(N) A c t iv e  d e g re e s  o f  f reedom  a t  node  N.
11. E lem en t C o n n e c t io n s  Card
T h is  c a r d  c o n t a i n s  t h e  node number a s s o c i a t e d  w i t h  e a ch  e le m en t  and 
t h e  e le m e n t  m a t e r i a l  t y p e  number ( s e e  c a rd  7 ) .  E lem en t c o n n e c t io n s  
s h o u ld  b e  numbered i n  a c o n s i s t a n t  c o u n t e r - c l o c k w i s e  f a s h i o n .  
S o l i d - f l u i d  e le m e n ts  a r e  num bered l i s t i n g  t h e  s o l i d  no d es  f i r s t ,  
and th e n  t h e  f l u i d  n o d e s .
F o r m a t (815)
Columns V a r i a b l e  Comments
1-5  N E lem en t  number.
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Columns Variable Comments
6-10  N0P(N,1) Nodes o f  f l u i d  o r  s o l i d  f i n i t e  e le m e n t  o r
11-15 N0P(N,2) s o l i d  no d es  o f  s o l i d - f l u i d  f i n i t e  e le m e n t .
16-20 N0P(N,3)
20-25 N0P(N,4) F l u i d  no d es  o f  s o l i d - f l u i d  f i n i t e  e le m e n t ;
26-30  N0P(N,5) b l a n k  f o r  f l u i d  o r  s o l i d  e le m e n ts -
31-35 N0P(N,6)
36-40  IMAT(N) M a t e r i a l  ty p e  number f o r  f i n i t e  e le m en t  N.
= 1 f o r  t o t a l l y  s o l i d  p rob lem .
= 2 f o r  t o t a l l y  f l u i d  p rob lem .
For  i n t e r a c t i v e  prob lem .
= 1 f o r  s o l i d  e le m en t .
= 2 f o r  f l u i d  e le m en t .
= 3 f o r  s o l i d - f l u i d  e lem en t-
12. A p p l ied  Load Type Card
T h is  c a rd  c o n t a i n s  t h e  no d es  a t  w hich  a p p l i e d  l o a d s  a c t  and th e  
ty p e  o f  l o a d  w hich  a c t s  t h e r e .  Even i f  no a p p l i e d  l o a d s  e x i s t ,  
a dummy lo a d  o f  z e ro  must b e  a p p l i e d  a t  some a r b i t r a r y  n o d e .  One 
ca rd  i s  needed  f o r  each  a p p l i e d  l o a d .
F o rm a t(215)
Columns V a r i a b l e  Comments
1-5 NBC Node a t  w hich  s p e c i f i e d  lo a d  a c t s .
6-10  NFIX Code i n d i c a t i o n  o f  d i r e c t i o n  o f  lo a d
= 01 l o a d  i s  i n  y - d i r e c t i o n .
= 10 lo a d  i s  in  x - d i r e c t i o n .
= 11 lo a d  i s  i n  x and y - d i r e c t i o n s -
= 0 dummy lo a d .
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13. S p e c i f i e d  Freedom Type Card
T h is  c a rd  c o n t a i n s  t h e  nodes  a t  w h ich  s p e c i f i e d  f reedom s ( i . e . ,  
d i s p l a c e m e n t s ,  p r e s s u r e  and v e l o c i t i e s ) a c t  and t h e  ty p e  o f  
s p e c i f i e d  f reed o m s w hich  a c t  t h e r e .  At l e a s t  one s p e c i f i e d  f r e e ­
dom m ust be  g iv e n  i n  o r d e r  to  r e s t r a i n  t h e  sy s te m  and rem ove r i g i d  
body modes. I f  a  s p e c i f i e d  d i s p l a c e m e n t  and a  s p e c i f i e d  p r e s s u r e  
and v e l o c i t y  e x i s t  a t  a  n o d e ,  t h a t  node  m ust b e  i n d i c a t e d  t w i c e ,  
once  f o r  t h e  s p e c i f i e d  d i s p l a c e m e n t s  and once  f o r  t h e  p r e s s u r e  and 
v e l o c i t y .
F o r m a t (215) 
Columns 
1-5 
6 - 1 0
V a r i a b l e  Comments
NSD Node a t  w h ich  s p e c i f i e d  f reedom s a c t .
NDFIX Code i n d i c a t i o n  o f  d i r e c t i o n  o f  s p e c i f i e d
f reedom .
= 01 d i s p l a c e m e n t  i n  y - d i r e c t i o n  i s  g iv e n  
= 10 d i s p l a c e m e n t  i n  x - d i r e c t i o n  i s  g iv e n  
= 11 d i s p l a c e m e n t s  i n  x and y - d i r e c t i o n s  
a r e  g iv e n
= 200 p r e s s u r e  i s  g iv e n  
= 20 v e l o c i t y  i n  x - d i r e c t i o n  i s  g iv e n  
= 2 v e l o c i t y  i n  y - d i r e c t i o n  i s  g iv e n  
= 22 v e l o c i t i e s  i n  x and y - d i r e c t i o n s  
a r e  g iv e n
= 220 p r e s s u r e  and x - d i r e c t i o n  v e l o c i t y  
a r e  g iv e n
= 202 p r e s s u r e  and y - d i r e c t i o n  v e l o c i t y  
a r e  g iv e n
= 222 p r e s s u r e ,  x and y - d i r e c t i o n  
v e l o c i t i e s  a r e  g iv e n
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14. S o l i d - F l u i d  Boundary C o n s t r a i n t  Nodes
T h is  c a rd  r e a d s  i n  t h e  s o l i d - f l u i d  bo u n d a ry  c o n s t r a i n t  nodes  i n  o r d e r  
t o  i n f o r c e  e q . ( 2 9 ) .  T h e re  m ust b e  one c a rd  f o r  e v e ry  n o d e .
F o r m a t (15)
Columns V a r i a b l e  Comments
1-5  NSCON S o l i d - f l u i d  b o u n d a ry  c o n s t r a i n t  n ode .
15. Load Card
T h is  c a rd  r e a d s  i n  t h e  l o a d  i n f o r m a t i o n  c o r r e s p o n d in g  to  c a rd  No. 12 . 
F o r m a t (F 1 0 .4)
Columns V a r i a b l e  Comments
1 -10  PMAX M agn itude  o f  l o a d .
16. S p e c i f i e d  Freedom  Card
T h is  c a rd  c o n t a i n s  t h e  s p e c i f i e d  f reedom s ( i . e . ,  d i s p l a c e m e n t s .
p r e s s u r e  and  v e l o c i t i e s ) . One c a r d  i s  need ed  f o r  e a ch  s e t  o f
s p e c i f i e d  d i s p l a c e m e n t s  and p r e s s u r e  and v e l o c i t i e s  c o r r e s p o n d in g  to  
c a r d  No. 1 3 .
F o r m a t (3 F 1 0 .3)
Columns V a r i a b l e  Comments
1-10  DISP(N,1) S p e c i f i e d  p r e s s u r e  o r  s p e c i f i e d  d i s p l a c e ­
ment i n  x - d i r e c t i o n .
11-20  DISP(N,2) S p e c i f i e d  v e l o c i t y  i n  x - d i r e c t i o n  o r
s p e c i f i e d  d i s p l a c e m e n t  i n  y - d i r e c t i o n .
2 1 -3 0  DISP(N,3) S p e c i f i e d  v e l o c i t y  i n  y - d i r e c t i o n .
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72 6 7 5 5 6 3 1
I 0
t >32
2 203
3 200 . ______  ______  . . .............................
5 232
5 i t
K 71 . _
6 1 1
7 >
13 2 .
19 ?
25 >
31 Z
37 t
63 >
69 202
63 2)3
51 233
5? 202
62 1 L
53 11
5 6 11
16
22  
2 8  
3 6 
60 
+ 6
0.
1 0 - 1 .
I 3 .
13.
10 . ) .
3.  0.
3. D.
0 . 0 -
0- 3.
0. . . . . .................
3 .  3.
0. 0 .
3 . 0.
3 . 0 .
; j t » * f 5 411 5 i  i  ;  ; i  s i  ^ j i| [i If 5-Vi P L £ i.'\ 1 V 3E2K j. 4 «*«*•»>
119
3 . DESCRIPTION OF OUTPUT DATA
The o u t p u t  d a t a  a r e  c l a s s i f i e d  a s  f o l l o w s :
3 .1  O u tpu t  d a t a  n o t  u n d e r  debug o p t i o n  c o n t r o l
The o u t p u t  d a t a  w hich  a r e  n o t  u n d e r  t h e  c o n t r o l  o f  t h e  debug 
o p t io n  I I  c o n t r o l  a r e  a s  f o l l o w s :
S u b r o u t in e  O utpu t
GDATA G eom etr ic  and p r o p e r t i e s  i n p u t  d a t a , t h e  o t h e r  p a ra m e te r s
d e f i n e d  i n  t h e  d e s c r i p t i o n  o f  i n p u t  d a t a .
LOAD G lo b a l  d e g r e e s  o f  f r e e d o m ; s p e c i f i e d  f r e e d o m s ;  l o a d  i n p u t
d a t a ;  i n d i c i a l  a r r a y s ;  g l o b a l  lo a d  a r r a y .
AINTEG Time p a r a m e te r s  su ch  a s  t i m e , i t e r a t i o n  n u m b e r ,e t c ;
n u m e r i c a l  v a lu e s  o f  t h e  r e s u l t s .
A l l  t h e  above  d a t a  a r e  p r i n t e d  o u t  w i t h  s u i t a b l e  h e a d in g s  r e g a r d l e s s  
o f  th e  debug p r i n t o u t  d i s c u s s e d  h e r e u n d e r .
3 .2  O u tp u t  d a t a  u n d e r  th e  c o n t r o l  o f  t h e  debug o p t i o n  
When I I  > 1 ,  t h e  f o l l o w in g  d a t a  i s  p r i n t e d  o u t .
S u b r o u t in e  
FORMK 
FORCE 
AINTEG
O utpu t
G lo b a l  a r r a y s  o f  a s se m b le d  d i a g o n a l  t e rm s  o f  m a t r i c e s .  
F o r c in g  f u n c t i o n  a r r a y .
G lo b a l  a r r a y s  o f  d i s p l a c e m e n t s , p r e s s u r e  and v e l o c i t i e s  
and t h e i r  c o r r e s p o n d in g  f i r s t  and s e co n d  d e r i v a t i v e s  
e x c lu d in g  t h e  s p e c i f i e d  f re e d o m s ;  i n t e r m e d i a t e  
p a r a m e te r s  su ch  a s  damped f r e q u e n c y , n a t u r a l  f r e q u e n c y ,  
e t c .
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When II > 2, the following data is printed out.
S u b r o u t in e  O u tp u t
FORCE Tem porary  a r r a y s  o f  e l e m e n t a l  d i s p l a c e m e n t s , p r e s s u r e  and
v e l o c i t i e s  and t h e i r  c o r r e s p o n d in g  f i r s t  and second  
d e r i v a t i v e s  and i n d i c i a l  a r r a y ;  te m p o ra ry  e l e m e n t a l  
f o r c e  a r r a y  r e s u l t i n g  from  t h e  o f f - d i a g o n a l  te rm s  o f  e l e m e n t a l  
m ass ,  s t i f f n e s s ,  i n e r t i a ,  f l u i d i t y ,  combined 
d a m p i n g - i n e r t i a  o r  combined s t i f f n e s s - f l u i d i t y  
m a t r i c e s .
When I I  > 3 ,  t h e  f o l l o w i n g  d a t a  i s  p r i n t e d  o u t .
S u b r o u t in e  O u tp u t
FORMK E le m e n ta l  i n d i c i a l  a r r a y ;  e l e m e t a l  o f f - d i a g o n a l  t e rm s  o f
d a m p i n g , s t i f f n e s s , i n e r t i a , f l u i d i t y , c o m b i n e d  
d a m p i n g - i n e r t i a , o r  combined s t i f f n e s s - f l u i d i t y  
m a t r i c e s .
STIFT1 L o c a l  c o o r d i n a t e s ;  e le m e n t  c o n n e c t i o n s ;  e l e m e n t a l  m ass ,
damping and s t i f f n e s s  m a t r i c e s ;  a r e a  o f  f i n i t e  e le m e n t ,  
e t c .
STIFT2 L o c a l  c o o r d i n a t e s ;  e le m e n t  c o n n e c t i o n s ;  e l e m e n t a l
i n e r t i a  and f l u i d i t y  m a t r i c e s ;  a r e a  o f  f i n i t e  e le m e n t ;  
e t c .
STIFT3 L o c a l  c o o r d i n a t e s , e l e m e n t  c o n n e c t i o n s , a n d  a r e a s  o f  s o l i d
p o r t i o n  and f l u i d  p o r t i o n  o f  q u a d r i l a t e r a l  s o l i d - f l u i d  
e le m e n t ;  e l e m e n t a l  e q u i v a l e n t  m a s s , combined d a m p i n g - i n e r t i a  and 
s t i f f n e s s - f l u i d i t y  m a t r i c e s ;  e l e m e n t a l  c o u p l in g  m a t r i c e s .
A l l  o f  t h e  above d a t a  a r e  p r i n t e d  o u t  w i t h  s u i t a b l e  h e a d in g s .  A w o rk in g
know ledge  o f  t h e  p ro g ram  i s  n e c e s s a r y  to  p e r fo rm  e f f e c t i v e  d e b u g g in g .
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3 .3  E r r o r  P r i n o u t s
I f  t h e  u s e r  does  n o t  number e i t h e r  th e  no d es  i n  an o r d e r l y  f a s h i o n  o r  t h e  
e le m en t  c o n n e c t io n s  i n  a  c o n s i s t e n t l y  c o u n t e r - c l o c k w i s e  m a n n e r t t h e  f o l ­
low ing  p r i n t o u t  w i l l  o c c u r .
S u b r o u t in e  O utpu t
STIFT1,2 o r  3 Number o f  e le m e n t  w i t h  bad c o n n e c t io n s  -  ru n  i s  t e r m i n a t e d .
3 .4  O u tp u t  D a ta  D e f in in g  t h e  P ro b le m  S o l u t i o n
The p rog ram  f i r s t  p r i n t s  o u t  t h e  h e a d in g  " F i n i t e  E lem ent A n a l y t i c  
I n t e g r a t i o n  S o l u t i o n  " fo l lo w e d  by t h e  e l a p s e d  t im e ,  t im e  in c r e m e n t ,  
i t e r a t i o n  num ber, p r i n t o u t  i t e r a t i o n  num ber, f r e q u e n c y  o f  p r i n t o u t , a n d  
t im e  a t  f i r s t  i t e r a t i o n .  The node  num ber, f reedom  number and t h e  numer­
i c a l  v a l u e  o f  t h e  r e s u l t  a r e  t h e n  p r i n t e d  o u t  a s  t h e  p ro b le m  s o l u t i o n .
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4 OPERATING PROCEDURE
To e m p l o y  t h e  FASINT c o m p u t e r  p r o g r a m  e f f e c t i v e l y , i t  
i s  r e c o m m e n d e d  t h a t  t h e  u s e r  f a m i l i a r i z e s  h i m s e l f  w i t h  th e  
f o r m u l a t i o n  o f  f i n i t e  e l e m e n t  m odel a n d  i t s  n u m e r i c a l  s o l ­
u t i o n  , p r e  s e n t  ed  i n  P a r t  1 and 2 as  w e l l  a s  t h e  o r g a n i z a t i o n  o f  t h e  
p r o g r a m  d e s c r i b e d  i n  P a r t  3 , b e f o r e  a t t e m p t i n g  t o  s o l v e  a 
s o l i d - f l u i d  i n t e r a c t i o n  p rob lem  u s i n g  FASINT.
I n  d e v e l o p i n g  t h e  f i n i t e  e l e m e n t  m e s h  t h e  u s e r  s h o u l d  
n u m b e r  t h e  n o d e s  i n  a n  o r d e r l y  f a s h i o n  a n d  t h e  e l e m e n t  
c o n n e c t i o n s  i n  a  c o n s i s t e n t l y  c o u n t e r c l o c k w i s e  m a n n e r .  F a i l ­
u r e  t o  do  s o  w o u l d  r e s u l t  i n  a  b a d  c o n n e c t i o n  e r r o r  m e s s a g e  
p r i n t o u t  a n d  a b n o r m a l  t e r m i n a t i o n  o f  t h e  r u n .  Q u a d r i l a t e r a l  
s o l i d - f l u i d  e le m e n ts  a r e  numbered s t a r t i n g  w i th  t h e  s o l i d  no d es  
f i r s t  and th e n  t h e  f l u i d  n o d e s .  The i n p u t  d a t a  i s  t h e n  punched and 
p r e p a r e d  i n  a c c o r d a n c e  w i t h  t h e  f o r m a t  a n d  d e s c r i p t i o n  p r e ­
s e n t e d  i n  P a r t  3 ,  S e c t i o n  2 ,  DESCRI PTI ON OF I NPUT DATA.
T h e s e  i n p u t  d a t a  a r e  t h e n  p u n c h e d  on  c a r d s  a n d  a s s e m b l e d  
w i t h  w i t h  FASINT s o u r c e  d e c k  a n d  t h e  a p p r o p r i a t e  c o n t r o l  c a r d s .  
A s a m p l e  o f  t h e  d e c k  a s s e m b l i n g  c a r d s  f o r  UNIVAC SERI E S  70 
i s  g i v e n  b e l o w :
/LOGON u s e r i d , a c c t .  n o .  T I M E = i n  s e c o n d  
/PARAM L I S T = Y E S , MAP= Y E S , DEBUG=YES 
/ EXEC BGFOR
PROGRAM NAME
( FASINT S o u r c e  S t a t e m e n t )
END
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/ F I L E  FASINT . RESTART 1 , L I NK= DS E T 2 4 , FCBTYPE = SAM1 
/ F I L E  FASINT . RESTART2 , L I N K = D S E T 2 5 , FCBTYPE=SAM2 
/ EXEC *
(FASINT d a t a  d e c k )
/LOGOFF
T h e  f o l l o w i n g  p r o c e d u r e  i s  r e c o m m e n d e d  f o r  e f f e c t i v e  
u s e  o f  t h e  FASINT p r o g r a m ,
1)  I n p u t  d a t a  c h e c k  r u n
T h e  u s e r  s h o u l d  m a k e  a r u n  w i t h  t h e  b e g i n n i n g  t i m e  a n d  
f i n a l  t i m e  o f  t h e  r u n  s e t  e q u a l  t o  z e r o .  T h e  d e b u g  o p t i o n  
s h o u l d  a l s o  b e  s e t  e q u a l  t o  z e r o .  T h e  p r o g r a m  w i l l  t h e n  
p r i n t  o u t  a l l  o f  t h e  i n p u t  d a t a  a n d  a l l  o t h e r  p r o b l e m  d a t a ,  
s u c h  a s  s o r t e d  g l o b a l  l o a d  a r r a y , u p  t o  t h e  p r o b l e m  s o l u t i o n .  
T h i s  e n a b l e s  t h e  u s e r  t o  c h e c k  t h e  i n p u t  d a t a  a n d  t h e  i n t e r ­
m e d i a t e  r e s u l t s  f o r  c o r r e c t n e s s .  I f  t h e  i n p u t  d a t a  i s  
i n c o r r e c t , t h i s  r u n  s h o u l d  b e  r e p e a t e d  u n t i l  a l l  u s e r  e r r o r s  
h a v e  b e e n  r e c t i f i e d .  I f  t h e  i n t e r m e d i a t e  r e s u l t s  a p p e a r  
i n c o r r e c t , t h e  p r o g r a m  ma y  b e  r u n  w i t h  a h i g h e r  d e b u g  o p t i o n  
f o r  s e v e r a l  i n t e g r a t i o n  t i m e  s t e p s  t o  p r o v i d e  m o r e  d e b u g '  
p r i n t o u t  t o  h e l p  t h e  u s e r  d e t e r m i n e  t h e  n a t u r e  o f  t h e  d i f f ­
i c u l t y  .
2)  T e s t  r u n
A f t e r  t h e  d a t a  h a s  b e e n  d e b u g g e d ,  t h e  u s e r  ma y  p e r f o r m
^RESTARTl  d e s i g n a t e s  t h e  i n p u t  o f f l i n e  s t o r a g e
2
RESTART2 d e s i g n a t e s  t h e  o u t p u t  o f f l i n e  s t o r a g e
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a  d y n a m i c  r u n  u s i n g  a t i m e  s t e p  o n  t h e  b a s i s  o f  S e c t i o n  ^ i n  
p a r t  one  and p a r t  two.
3)  F i n i t e  e l e m e n t  m e s h  c o n v e r g e n c e  r u n
T h e  c o n v e r g e n c e  o f  t h e  f i n i t e  e l e m e n t  m e s h  i s  d e t e r m i n e d  
b y  m a k i n g  a  r u n  h a v i n g  a  f i n e r  g r i d ( m o r e  e l e m e n t s )  t h a n  t h e  
d e s i r e d  g r i d .  C o n v e r g e n c e  i s  a c h i e v e d  w h e n  t h e r e  i s  n o  a p p r e ­
c i a b l e  d i f f e r e n c e  b e t w e e n  t h e  r u n s .
4 )  T i m e  s t e p  c o n v e r g e n c e  r u n
T h e  c o n v e r g e n c e  o f  t h e  t i m e  s t e p  i s  d e t e r m i n e d  b y  m a k i n g  
a  r u n  h a v i n g  a t i m e  s t e p  t h a t  i s  t w i c e  t h e  d e s i r e d  o n e .  
C o n v e r g e n c e  i s  r e a c h e d  w h e n  t h e r e  i s  n o  a p p r e c i a b l e  d i f f e r e n c e  
b e t w e e n  t h e  r u n s .  I f  t h e r e  i s  a d i s c r e p a n c y , t h e  t i m e  s t e p  
s h o u l d  b e  h a l v e d  a n d  t h i s  r u n  r e p e a t e d  u n t i l  c o n v e r g e n c e  i s  
e s t a b l i s h e d  .
5 ) R e s t a r t  C a p a b i l i t y
R e s t a r t  s w i t c h , I R U N ,  c o n t r o l s  t h e  i n i t i a l i z a t i o n  o f  t h e  
p r o g r a m .  When IRUN = 0 , p r o g r a m  w i l l  s t a r t  f r o m  i n i t i a l  c o n d i ­
t i o n .  When IRUN = 1 , p r o g r a m  w i l l  s k i p  t h e  i n i t i a l i z a t i o n  a n d  
w i l l  u s e  p r e v i o u s  o u t p u t  a l r e a d y  s t o r e d  o n  t a p e  a s  i n i t i a l  
v a l u e s .  T h e  l a t t e r  t a p e  s t o r a g e  i s  a c h i e v e d  b y  s e t t i n g  I END=1 
i n  t h e  p r e v i o u s  r u n  a s  d i s c u s s e d  n e x t .  R e s t a r t  c o n t r o l l e r ,
I E N D , c o n t r o l s  t h e  o u t p u t  a t  t h e  c o m p l e t i o n  o f  a d y n a m i c  r u n .  
When IEND = 1 ,  t h e  f i n a l  p r o g r a m  o u t p u t  w i l l  b e  s t o r e d  o n  t a p e  
f o r  r e s t a r t i n g  t h e  r u n  a t  a  l a t e r  d a t e .  When IEND = 0 ,  no
s t o r a g e  o f  t h e  f i n a l  o u t p u t  w i l l  b e  m a d e .  T h i s  p r o c e d u r e  may 
b e  u s e d  f o r  a n y  d e s i r e d  o f f l i n e  s t o r a g e  c o n t r o l l e r  i t e r a t i o n
125
number, IITIME, a t  w hich  t h e  o u t p u t  w i l l  be  s t o r e d  on t a p e  f o r  r e s t a r t i n g  
t h e  ru n  a t  a  l a t e r  d a t e .
The r u n s  made f o r  t h e  c o m p le t io n  o f  p a r t  one  r e q u i r e d  68k b y t e s  o f  
s t o r a g e  and was e x e c u te d  on t h e  INTERDATA 7 / 32  m in i - c o m p u te r .  The com­
p u t a t i o n s  f o r  p a r t  two r e q u i r e d  318k b y t e s  o f  s t o r a g e  and was e x e c u te d  
on IBM 370 /168  d i g i t a l  c o m p u te r .
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5. FASINT NOMENCLATURE
The v a r i a b l e s  u se d  i n  FASINT a r e  l i s t e d ,  d e f i n e d ,  and c r o s s -  
r e f e r e n c e d  w i th  th e  a n a l y s i s  n o t a t i o n , t o  a i d  th e  u s e r  i n  u n d e r s t a n d in g  
th e  p rogram .
5 .1  S u b s c r i p t e d  V a r i a b l e s  
P rogram  A n a ly s i s
N o t a t i o n  N o t a t i o n  S u b r o u t in e
AO( 3 ) ,AM(3) a  STIFT2, STIFT3
AK(20,20) [kJ . I h J ,
B0(3),BM (3)
CO( 3 ) , CM(3)
CORD(5 4 ,2 )  
DISPL(20)
S T IF T l,S T IF T 2 , 
STIFT3
x , y
STIFTl,STIFT2, 
STIFT3
STIFTl,STIFT2, 
STIFT3
GDATA
FORCE
D e s c r i p t i o n
L o c a l  a r e a  c o o r d i n a t e s  o f  f l u i d
and s o l i d  t r i a n g l e s , r e s p c t i v e -  
• 2l y ,  m  .
In  S T IF T l, s t i f f n e s s  m a t r ix  
In  STIFT2, f l u i d i t y  
m a t r ix
In  STIFT3, combined s t i f f n e s s -  
f l u i d i t y  m a t r i x  
L o c a l  y - c o o r d i n a t e  o f  f l u i d  
and s o l i d  t r i a n g l e s , r e s p e c t i v e ­
ly  , i n .
L o c a l  x - c o o r d i n a t e  o f  f l u i d  
and s o l i d  t r i a n g l e s , r e s p e c t i v e ­
l y ,  i n .
A rray  o f  n o d a l  c o o r d i n a t e s ,  i n .  
A r ra y  o f  e l e m e n t a l  f r e e d o m s ( i . e . , 
p r e s s u r e ,  x -com ponen t  o f  
v e l o c i t y  and y -com ponen t  o f  
v e l o c i t y ,  and d i s p l a c e m e n t s ) .
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Program Analysis
Notation Notation
D ISP(2 2 ,3 )
GM(20,20) [Me ] . |M e l
DIAAC(270) {X}
DIAACC(270) {X}
DIADI(270) {X}
DIADIS(270) {X}
DIAVE(270) {x}
DIAVEL(270) {X}
Subroutine
LOAD
S T IF T l , 
STIFT3
FORCE,AINTEG
FORCE,AINTEG
FORCE,AINTEG
FORCE,AINTEG
FORCE,AINTEG
FORCE,AINTEG
D e s c r i p t i o n  
M a t r ix  o f  s p e c i f i e d  f reedom s 
( i . e . ,  d i s p l a c e m e n t s ,  p r e s s u r e  
and v e l o c i t i e s ) .
In  S T IF T l,m ass  m a t r ix
I n  STIFT3, e q u i v a l e n t  mass 
m a t r ix
U pda ted  a r r a y  o f  g l o b a l  f reedom s 
s e co n d  t im e  d e r i v a t i v e  
A r ra y  o f  g l o b a l  f r e e d o m s ( i . e . , 
d i s p l a c e m e n t s ,  p r e s s u r e  and 
v e l o c i t i e s )  second  t im e  
d e r i v a t i v e .
U pdated  a r r a y  o f  g l o b a l  f reedom s 
( i . e . ,  d i s p l a c e m e n t s ,  p r e s s u r e  
and v e l o c i t i e s ) .
A r ra y  o f  g l o b a l  f r e e d o m s ( i . e . ,  
d i s p l a c e m e n t s ,  p r e s s u r e  and 
v e l o c i t i e s ) .
U pdated  a r r a y  o f  g l o b a l  f reedom s 
( i . e . ,  d i s p l a c e m e n t s ,  p r e s s u r e  
and v e l o c i t i e s )  f i r s t  t im e  
d e r i v a t i v e .
A r ra y  o f  g l o b a l  f r e e d o m s ( i . e . ,  
d i s p l a c e m e n t s ,  p r e s s u r e  and
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DIAGC(270) r c \
DIAGK(270) ' K'
J
r__
DIAGM(270) M'
Subroutine
FORCE,AINTEG
FORCE,AINTEG
FORCE,AINTEG
D e s c r i p t i o n  
v e l o c i t i e s )  f i r s t  t im e  d e r i v a t i v e  
D ia g o n a l  m a t r i x  w i t h  d i a g o n a l  
te rm s  e q u a l  t o  d i a g o n a l  te rm s  o f
LcL
D ia g o n a l  m a t r i x  w i t h  d i a g o n a l  
te rm s  e q u a l  t o  d i a g o n a l  te rm s  o f
[ i | .
D ia g o n a l  m a t r i x  w i t h  d i a g o n a l  
te rm s  e q u a l  t o  d i a g o n a l  te rm s  o f
DIAK(270) 
DIAKl(270)
{F' }
(
{F' }
FORCEC(20) c " M x  )i e .j e
FORCE,AINTEG 
FORCE,AINTEG 
FORCE
F o r c in g  f u n c t i o n  a r r a y .
U pdated f o r c i n g  f u n c t i o n  a r r a y .
E le m e n ta l  f o r c i n g  f u n c t i o n  a r r a y  
r e s u l t i n g  from  t h e  m u l t i p l i c a t i o n  
o f  t h e  s t o r e d  e le m e n t a l  o f f -  
d i a g o n a l  dam ping , i n e r t i a  o r  
combined d a m p i n g - i n e r t i a  m a t r i c e s  
by t h e i r  r e s p e c t i v e  f reedom  a r r a y .
FORCEK(20) [KgJ . {Xe J. FORCE
IMAT(72)
INACT(115)
GDATA,FORMK, 
S T IF T l ,2 and 3 
LOAD
E le m e n ta l  f o r c i n g  f u n c t i o n  a r r a y  
r e s u l t i n g  from  t h e  m u l t i p l i c a t i o n  
o f  t h e  s t o r e d  e l e m e n t a l  o f f -  
d i a g o n a l  s t i f f n e s s ,  
f l u i d i t y  o r  combined s t i f f n e s s -  
f l u i d i t y  m a t r i c e s  by t h e i r  r e s ­
p e c t i v e  f reedom  a r r a y .
A rray  o f  e le m e n t  m a t e r i a l  ty p e
n u m b e rs .
I n d i c i a l  a r r a y  o f  rows w hich 
c o n t a i n  i n a c t i v e  f re e d o m s .
INDEX(32) LOAD I n d i c i a l  a r r a y  o f  rows a t  w hich  
s p e c i f i e d  f re e d o m s  a c t .
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NACT(32)
NBC(1)
NDFIX(22)
NFIX (l)
NOP(72,6)
NSC0N(7)
NSD(22)
NSDF(270)
NTYPE(54)
0R T (2 ,3)
R(5)
R4(270)
S ( 6 , 3 )
Subroutine
{R } e
{R }
LOAD
GDATA,LOAD
GDATA,LOAD
GDATA,LOAD
S T IF T l ,2 and 3 
GDATA
GDATA,LOAD
AINTEG
STOREC(20,20,72)
K ]
GDATA,FORMK
GDATA,STIFTl, 
STIFT2, STIFT3 
LOAD
LOAD, FORCE 
STIFT3
FORMK,FORCE
D e s c r i p t i o n  
I n d i c i a l  a r r a y  o f  a c t i v e  row 
num bers i n  s e q u e n c e .
A r ra y  o f  no d es  a t  w h ich  s p e c i f i e d  
l o a d s  a c t .
A r ra y  o f  code i n d i c a t o r s  o f  
d i r e c t i o n  o f  s p e c i f i e d  f re e d o m s .  
A r ra y  o f  code i n d i c a t o r s  o f  
d i r e c t i o n  o f  a p p l i e d  l o a d s .
M a t r ix  o f  e le m e n t  c o n n e c t io n s .
Nodes w i th  s o l i d - f l u i d  b ounda ry  
c o n s t r a i n t s .
A r ra y  o f  nodes  a t  w hich  s p e c i f i e d  
freedom s a c t .
I n d i c a t o r  o f  s p e c i f i e d  f re e d o m s :
= 0 f o r  f r e e  f reed o m s 
= 1 f o r  s p e c i f i e d  f reed o m s
A rra y  o f  n o d a l  d e g r e e s  o f
f reedom .
M a t r ix  o f  m a t e r i a l  p r o p e r t i e s .
E le m e n ta l  a p p l i e d  l o a d  a r r a y .  
A r ra y  o f  a p p l i e d  l o a d s .
E le m e n ta l  s o l i d - f l u i d  c o u p l in g  
m a t r i x .
Damping, i n e r t i a  o r  combined 
d a m p i n g - i n e r t i a  m a t r i c e s  w i th  
z e r o e s  a lo n g  t h e i r  d i a g o n a l s .
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STOREK( 2 0 ,2 0 ,7 2 )
m
VELOC(20) {X } e
XM(20,20) [Ce ] , [ L e | ,
[5 1
Subroutine
FORMK,FORCE
FORCE
S T IFT l,ST IFT 2, 
STIFT3
D e s c r i p t i o n  
S t i f f n e s s , f l u i d i t y ,  
and com bined s t i f f n e s s -  
f l u i d i t y  m a t r i c e s  w i th  z e ro e s  
a lo n g  t h e i r  d i a g o n a l .
A rray  o f  e l e m e n t a l  f r e e d o m s ( i . e . , 
d i s p l a c e m e n t s ,  p r e s s u r e  and 
v e l o c i t i e s )  f i r s t  t im e  d e r i v a t i v e .  
I n  S T IF T l,  e l e m e n t a l  damping 
m a t r i x .
In  STIFT2, e l e m e n t a l  i n e r t i a  
m a t r i x .
In  STIFT3, e l e m e n t a l  combined 
d a m p i n g - i n e r t i a  m a t r i x .
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5.2 Nonsubscripted Variables
Program  A n a l y s i s
N o t a t i o n  N o t a t i o n
ALPHA a
S u b r o u t in e
STIFT3
D e s c r i p t i o n
A ngle  o f  s o l i d - f l u i d  b o u n d a ry  w i th  
l o n g i t u d i n a l  x - a x i s ,  r a d i a n s .
AH STIFT3 C o n s ta n t  v a l u e  o f  x  o r  y u se d  i n  t h e  
c o m p u ta t io n  o f  s o l i d - f l u i d  c o u p l in g  
m a t r i x  f o r  v e r t i c a l  o r  h o r i z o n t a l  
w a l l ,  r e s p e c t i v e l y .
AREAO, AREAM 
DAMP
V As
k s
S T IF T l ,2 and 3 
STIFTl,STIFT3
A rea  o f  f l u i d  and s o l i d  t r i a n g l e s  
r e s p e c t i v e l y .
Damping f a c t o r  b a s e d  on m ass ,  se c
DELT At FORMK Time s t e p ,  s e c .
DOF - LOAD D e g re es  o f  f reed o m .
ERRMAX - FORCE C onvergence  e r r o r .
11 - GDATA Debug o p t i o n .
IEND - GDATA R e s t a r t  c o n t r o l l e r .
IITIME - GDATA O f f - l i n e  s t o r a g e  c o n t r o l l e r .
I , J , K - S T IF T l ,2 and 3 E lem ent c o n n e c t io n s .
IRUN - GDATA R e s t a r t  s w i tc h .
ITIME - GDATA I t e r a t i o n  num ber.
LMAX - GDATA Maximum number o f  i t e r a t i o n s  f o r  
c o n v e rg e n c e  o f  f re e d o m s .
MDF - FORMK Dummy d e g re e  o f  f reed o m .
NB - GDATA,LOAD Number o f  n o d e s  w i t h  a p p l i e d  loadi
NCN - MAIN Number o f  no d es  p e r  e le m e n t .
NCON - GDATA Number o f  no d es  w i t h  s p e c i f i e d  
s o l i d - f l u i d  b o u n d a ry  c o n s t r a i n t s .
NQ - LOAD Node a t  w hich lo a d  a c t s .
ND - GDATA,LOAD Number o f  no d es  w i t h  s p e c i f i e d  
f r e e d o m s .
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NDF -  GDATA,SF
NE -  GDATA,FORMK
NIT -  GDATA
NLD -  GDATA
NMAT -  GDATA
NP -  GDATA,SF
NPRINT -  GDATA
NSZF -  SF,GDATA
NTIME -  FORMK
T t  FORMK
TBEG -  GDATA
TEND -  GDATA
T1 -  FORMIC
D e s c r i p t i o n  
N odal d e g re e  o f  f reed o m . 
Number o f  e le m e n ts .
Number o f  i t e r a t i o n s .
Not u s e d .
Number o f  m a t e r i a l  t y p e s .
Number o f  n o d e s .
F re q u en c y  o f  p r i n t o u t .
S i z e  o f  g l o b a l  a r r a y s .
P r i n t o u t  c o n t r o l  p a r a m e t e r .
E la p s e d  p rob lem  t im e ,  s e c .
Time a t  b e g in n in g  o f  t im e  
h i s t o r y .
Time a t  end o f  t im e  h i s t o r y .  
Time a t  f i r s t  i t e r a t i o n .
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6. PROGRAM LISTING AND SAMPLE RUN
I n  t h i s  s e c t i o n ,  th e  FORTRAN'program l i s t i n g  o f  FASINT t o g e t h e r  
w i th  t h e  o u t p u t  o f  a  sam ple  r u n  f o r  an  undamped s y s te m  a r e  p r e s e n t e d .  
The model b e in g  u s e d  t o  i l l u s t r a t e  t h e  b e h a v io u r  o f  t h e  p rog ram  i s  a 
72 e le m e n t  s o l i d - f l u i d  m odel,  s i m i l a r  t o  F i g . 13 . To r e d u c e  t h e  b u lk  
o f  com pute r  p r i n t o u t ,  t h e  o u t p u t  d a t a  a r e  s u p p l i e d  f o r  i t e r a t i o n  
number 0 ,  1 , and 700 c o r r e s p o n d in g  t o  0 .00000E+00 , 0 .35714E -07  and 
0 . 24999E-04 s e c o n d s , r e s p e c t i v e l y .
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